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Abstract: We analyze a class of quantum Feller semigroups describing the evolution of
interacting quantum lattice systems, specified either as generic qudits or as fermions. The
corresponding generators, which include both conservative and dissipative evolutions,
are given by the superposition of local generators in the Lindblad form. The associ-
ated infinite volume dynamics can be obtained as the strong limit of the finite volume
dynamics. By regarding the interacting evolution as a perturbation of a non-interacting
dissipative dynamics, we obtain a quantitative criterion that yields the uniqueness of the
stationary state together with the exponential convergence of local observables. The anal-
ysis is based on suitable a priori bounds on the resolvent equation which yield quantitive
estimates on the evolution of local observables.

1. Introduction

A quantum Markov semigroup (P;);>0 is a semigroup of completely positive operators
on a C*-algebra A. It has become the basic modelling tool to describe the non-unitary
evolution of open quantum systems, typical examples being interactions with thermal
baths and measurement processes. Its generator is commonly referred to as the Lindblad
generator. Both from a conceptual and an applied viewpoint, the ergodicity properties of
quantum semigroups are particularly relevant. We refer to [2,8,17,19,20], for a general
overview.

Under general conditions, finite dissipative quantum systems admit a unique station-
ary state 7. As in the case of classical Markov semigroups, a most relevant issue is
to provide quantitative estimates on the speed of convergence to the stationary state.
More precisely, given an initial state ;« one would like to deduce the exponential con-
vergence of its evolution uP; to ; a natural distance to quantify this convergence is the
trace distance, the non-commutative counterpart of the total variation distance. By the
quantum Pinsker inequality, see e.g. [35, Thm.11.9.5], the convergence in trace distance
can be deduced from the decay of the quantum relative entropy of uP; with respect to
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7. For reversible semigroups, the latter issue has been recently pursued with different
perspectives [6,10,11,14,36]. In particular, in [10] the exponential decay of entropy is
deduced for both the Bose and Fermi Ornstein—Uhlenbeck semigroups that describe the
evolution of non-interacting bosons and fermions. As discussed in [5], the exponential
convergence in trace distance can also be deduced by spectral methods.

The present purpose is instead to investigate the ergodic properties of semigroups
corresponding to infinite quantum lattice systems. We refer to [4,9,13,28,31] for some
physically relevant examples. According to the standard framework, a quantum lattice
system is described by the so-called quasi-local C*-algebra A [7,34]. We consider here
both the cases in which A describes generic qudits and fermions.

A simple choice for the Lindblad generator is given by the superposition of local
generators. In other words we consider generators on A of the form

L= ) Ly, (1.1)

where the sum is carried over the finite subsets of Z¢ and the local Lindblad generator
Lx acts on Ay, the subalgebra of the X-local operators. While this locality assumption
is taken for granted in the classical case, it can be questioned at the quantum level due
to the intrinsic non-locality of the theory. However, a single site dissipation induces
decoherence effects which support the locality assumption.

In the simplest and most relevant case, the family {L x } x -7« is translation covariant
and has finite range. For each X cC Z¢ the C*-algebra Ay is finite dimensional and L x
can be prescribed according to the Lindblad—Gorini—Kossakowski—Sudarshan structure
theorem [21,26]. On the other hand, the right-hand side of (1.1) defines an unbounded
operator on the C*-algebra A. A preliminary issue is thus to show that £ generates a
semigroup on A. This is the dissipative counterpart to the existence of the Heisenberg
flow for quantum lattice systems, see e.g. [34, Thm.7.6.2], and it has been considered in
[29], where this semigroup is constructed as the strong limit of finite volumes semigroups.
We here pursue a somehow different approach. We first define £ on a suitable dense
domain and then deduce sufficient conditions, holding in the translation covariant finite
range case, to apply the Lumer-Philips theorem. We thus infer that the graph norm
closure of £ generates a strongly continuous semigroup (P;);>0.

We next turn to the discussion of the ergodic properties of (P;);>0, the main point
of the present analysis. By a standard soft compactness argument, (P;);>¢ has at least a
stationary state. On the other hand, for instance by considering classical stochastic Ising
models, it is straightforward to exhibit examples for which the stationary state is not
unique, see e.g. [25]. If the interaction is small, we however expect uniqueness of the
stationary state and exponential convergence of local observables.

We here deduce indeed perturbative criteria for the above conclusion. We write £ =
Lo+ L1 where L describes the evolution of non-interacting qudits, i.e. it has the form

Lo = Z Lg,

xeZd

for suitable translation covariant generators Lg that act on Ayy,}. The operator L1, that
takes into account the interaction between the qudits, is then regarded as a perturbation.
As discussed in [10, 14,36], a basic tool in the derivation of strong ergodic properties for
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the semigroup generated by Ly is the construction of operators {Ey 5} on A satisfying
the following intertwining relationship with Lo

ExnLo— LoExn = —MExp (1.2)

for suitable A;, > 0. When A is the fermionic C*-algebra and L is the generator of the
Fermi Ornstein-Uhlenbeck semigroup, the operators { E , } have been introduced in [22].
On the other hand, when A is a C*-algebra describing generic qudits, we do not specify
an explicit form for Lg but we assume that it is self-adjoint with respect to the GNS
inner product induced by its unique stationary state. We then construct the operators
E j from the spectral decomposition of Lg; accordingly {A;} are the eigenvalues of
—Lg. To achieve the perturbative criterion for ergodicity of the semigroup generated by
L = Lo+ L1, we follow the argument for interacting classical lattice systems in [25,
Ch.I]. The key step is the derivation of suitable a priori bounds on the resolvent equation

rg=f+Lg, A>0, f,ge A

By exploiting the intertwining relation (1.2), we derive a quantitative bound on the
locality of g in terms of the locality of f. Under a suitable smallness assumption on
the commutator E, L1 — L1 Ey j, the a priori bound on the resolvent equation yields
the uniqueness of the stationary state together with the exponential convergence of local
observables. We emphasize that the perturbative criteria here obtained rely neither on
the explicit knowledge of stationary states nor on the self-adjointness of the generator
Lin (1.1).

Whenever the perturbation criterion applies, we can deduce that for any state @ on
A the sequence uP; converges to the unique stationary state 7 as t — +00. As in
the classical case, it does not appear however possible to obtain a quantitative bound
uniform in p. Indeed, this fails even for non-interacting systems. On the other hand,
if we restrict to translation covariant interactions and translation invariant state i, the
above conclusion holds. More precisely, we equip the set of translation invariant states
on A with the specific quantum one-Wasserstein distance w introduced in [16]. We then
show that w(uP;, ) decays exponentially uniformly in u whenever the perturbative
criterion holds. This statement appears to be novel even in the context of interacting
classical lattice systems.

Frequently used notation

P finite subsets of Z¢

H single site Hilbert space

H quantum lattice system Hilbert space

A single site C*-algebra

B(H) bounded operators on H

Ty translation operator (2.3)

Il operator norm in B(H)

Exp off-diagonal spectral projection associated to Lo (2.5)
Sy local seminorm (2.8)

-l seminorm on A° (2.7)

A° strictly local algebra

Al closure of A° with respect to || - || + || - |ll

A quasi-local C*-algebra, closure of AY with respect to || - ||
1 identity in A4

p reference state on A
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S set of states on A

S set of stationary states on A

w specific quantum one-Wasserstein distance (3.27)

w(f) duality between S and A

Lo single site Lindblad generator (2.1)

A spectral gap of L

Lo lattice unperturbed Lindblad generator (2.4)

L lattice full Lindblad generator (2.4)

A index set for the local jump operators

Zo index set for the unperturbed local jump operators
1 inclusion map Zg < 7

X support map Z — P

ko local Hamiltonian

Ly local jump operator

Zg unperturbed local jump operator

L(]x local perturbation of the Lindblad generator (2.12)

(Pr)i=0 semigroup generated by £
w+— wP; dual action of P, on &

2. Interacting Qudits: Results

Given a Banach space X', we denote by || - || x the norm in X’ and by X” the dual of X’. The
identity operator on & is denoted by Iy and the operator norm on the set of bounded
linear operators on X by || - || x— x. According to the terminology in [2,3,12,18], a
quantum Markov semigroup is a o-weak continuous semigroup on a von Neumann
algebra. For our purposes, it will be convenient to consider instead strongly continuous
semigroups that as in [3, Def. 4.39] will be referred to as Feller semigroups. More
precisely, given a unital C*-algebra A, a Quantum Feller Semigroup (QFS) (P);>0 on
A is a strongly continuous contraction semigroup on A (as a Banach space) such that
for each ¢ € [0, co) the linear operator P : A — A is completely positive and satisfies
P:1 = 1, where 1 is the identity in .A. The advantage of using strongly continuous
semigroups rather than o-weak continuous semigroups is the possibility to use Hille-
Yoshida and Lumer-Philips theorems which are crucial for the present analysis.

2.1. One-qudit unperturbed dynamics. Let H be a (n+1)-dimensional Hilbert space and
A a (N + 1)-dimensional unital x-subalgebra of the C*-algebra B(H) of linear operators
on H. Since H is finite dimensional, A endowed with the operator norm is closed and
therefore it is a C*-algebra. Let p be a faithful state on A, namely a continuous linear
functional on A such that p(ly) = 1 and p(aa*) > 0O for all a € A\{0}. Denote by
(-, -)p the GNS inner product on A induced by p, i.e. (a, b), = p(a*b),a,b € A. The
state p will be regarded as a fixed reference state. Let (Pto) >0, be a QFS on A which is
self-adjoint with respect to (-, - ), and denote by Lo: A — A its generator. We assume
that L has the form

Lo= > (9[- 01+ 1¢%7, -1¢9) 2.1)
Jjely
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for some finite set Iy and {Z?}jelo C A. We refer to [10, Thm.3.1], [1, Thm.3], and

[5, Lem. 2.2] for the conditions on {E?}
with respect to (-, - ),.

Since p is a stationary state for (Pto)zzo, the Kadison-Schwarz inequality implies
(Ptoa, Ptoa) o =< {a,a),. Therefore (P,O)tzo is a self-adjoint strongly continuous con-

traction semigroup on the Hilbert space (A, (-, -),). Hence — L is positive definite with

jel corresponding to the self-adjointness of L

respect to (-, -),. Let Iy = ep, e1, ..., ey € A be an orthonormal basis, with respect
to (-, -),, of eigenvectors of —Lg, with eigenvalues 0 = A9 < A} < --- < An.In
particular,
N
—Lo=Y_nlen -)pen 2.2)
h=1

We observe that |legll,,_,,, = 1 and set n := maxneq1,... Ny llenlly_ -

2.2. Unperturbed dynamics of qudits. We denote by Z¢ the standard d-dimensional
lattice and by P the countable family of its finite subsets, P := {X czZ:|X| < oo}
Referring to [28] for a detailed exposition, we briefly recall the construction of the Hilbert
space and the C*-algebra describing infinitely many qudits.

Fix an orthonormal basis {a)l-}l'.’=0 of H, where wy represents the vacuum state. Let
® be the countable set of functions ¢ : Z¢ — {0, 1, ..., n} such that ¢ (x) = 0 for all
but finitely many x € Z?. We then let H be the Hilbert space with orthonormal basis
{Q¢}peo. For A C 7@ we also consider the subspace H C H spanned by {Qplpeca,
where @, C & is the subset of functions ¢ € ® suchthat¢(x) =0ifx € A.ForA € P,
we identify Hy ~ H ®A via Qp > QreA®p(x), ¢ € P. Note that the construction of
‘H depends on the choice of the vacuum wy.

Denote by B(H) the C*-algebra of bounded operators on H and by ||-|| the correspond-
ing operator norm. For A C Z¢ we have the canonical identification ® ~ ®, x ®c,
which induces H >~ H ® Hac. As a consequence we have the canonical embedding
B(Hx) C B(H).For A € P, we set Ay := A®N ¢ B(H®"), which we identify with
the s-subalgebra of B(H,) C B(H), via the above identification H®* ~ H,. Since
Ay is finite dimensional, it is a C*-algebra when equipped with the norm || - ||. Set
AV = Upep Aa C B(H), and let A be the norm closure of AL In particular, A is a
unital C*-subalgebra of 5(). We emphasize that, even in the case A = B(H), Ais a
proper subalgebra of B(H). For example, for x € Z?, consider the translation operator
7, € B(H), x € Z¢, defined by

7 (Qy) = Q. ¢, where 7,0 :=¢(- —x), ¢ € . (2.3)

As simple to check, 7, does not belong to .A. On the other hand, it induces the auto-
morphism Ad; : A — Aby Ad;, (f) := 7 f1_x. In the terminology of [34, Section
6.2.4], the triple (A, Z¢, Ad,) is the quasi-local algebra describing the qudits on Z¢.
The set of the states on A is denoted by S. A state w € S is translation invariant if
n(Ad,x (f )) = n(f) for any x € 7% and f € A; the set of translation invariant states
is denoted by S;. A state & € S is stationary for the QFS (P;);>0 if P, = w for any
t € [0, +00). Hereafter, we denote by u — uP; the dual action of PP; on S.
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The unperturbed dynamics is next defined by letting each qudit evolve according to
the generator L in (2.2). For x € 7% we set Lg =Lo® ]IAMC’ that is regarded as an
operator on .A. The unperturbed generator is then informally given by

Lo= Y L9=>" (377 €51+1€2", -1€5) (2.4)

xeZd aely

where, recalling (2.1), Zp := 74 x Ip and for o = (x, j) the operator Zg corresponds to
6(]). via the identification A,y >~ A. For future purposes, we denote by xo: Zo — 74 the
projection xo(x, j) = x. We will show that the right-hand side of (2.4) is well defined
on a suitable dense subset of A and its graph norm closure generates a QFS on .4 which
leaves the product state p®Zd € S invariant.

Recalling the spectral decomposition (2.2), let E ,, x € 74, h e {0,1,..., N}, be
the linear operators on A acting on monomials as

Ex,h( Qy fy) = (en, fx)p]IH b2y (®y7éx fy) (2.5)

As we prove in Lemma 3.1, E, ; extends to a bounded operator on A. Let also e, ; be
the element of Ay} > A corresponding to ej,. Since {e;} is an orthonormal basis of A,

foreachx € Z¢ and f € A

N
f =) (Ecnf)ecn. (2.6)
h=0
Introduce the seminorm ||| - ||| on .A° by setting
N
WA= D" Y IEcafl, 2.7)
xezd h=1

where we emphasize that Ey ¢ does not appear on the right-hand side. We interpret
Z,];/:] | Ex.nf as a measure of the dependence of f on the qudit at site x € Z?. In
particular, ||| f]]| = O if and only if f is a scalar multiple of the identity. Let Al be the

closure of .A” with respect to the norm || - || + ||| - ||| Clearly, A° ¢ A! c A. Let £{(Z%)
be the Banach space of summable real sequences indexed by Z¢. For f € A!, set

N
5(F) = (3x(N) vena = (Y NEaf1) € @, 28)
h=1
so that [ /1] = 32, 8:(f) = 18C/)ll 2

2.3. Dynamics of interacting qudits. The dynamics of the qudits is defined by an un-
bounded Lindblad generator on .4 given by the sum of local generators. More precisely,
we fix a countable set Z and amap x : Z — P such that |y ~!(X)| < +oc forany X € P.
We then consider the informal generator on .4 given by

L= (ilka, 1+ €50 Lol + 15, - 1la) (2.9)

ael
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for some self-adjoint ky € Ay and £, € Aj@q). Note that, by setting Kx =
2 ey~ (x) ke and

Lx =ilKx, -1+ Y (€5l Lal+[€5, -1ta) (2.10)

aex LX)

then £ has the form (1.1). If A = B(H) so that Ay ~ B(Hy), by the Lindblad-Gorini-
Kossakowski-Sudarshan structure theorem [21,26], the right-hand side of (2.10) is the
general form of a Lindblad generator on Ay.
The family {ka, Lo }a T has finite range if there exists R € [0, co) such that &,

£y, = 0 whenever diam(x («)) > R. The family {ka, Lo }aeI is translation covariant
if there exists an action of the abelian group Z¢ on Z, denoted by (x, @) — x + «,
satisfying x (x + @) = x + x(«), such that Ad; (ky) = kx+q and Ad;, () = Cxsa. As
we next state, under suitable conditions the operator £ in (2.9) is well defined on the
dense subset A' C A.

Lemma 2.1. If

Co=2nsup Y (lkall +20a]?) < 00 (2.11)

xeZd . X (@)>x

then for each f € A! the series defining L f converges in Aand |Lf| < Colll f1II.

2.4. Main results. The first result on interacting qudits establishes the existence of the
dynamics associated to the generator £ introduced in (2.9). It will be convenient to write
it as a perturbation of the dynamics of non-interacting qudits as defined by (2.4). Namely,
we let £L = Lo + £ where we recall that both £ and £ have been constructed from
local Lindblad generators.

This decomposition is achieved by decomposing £, = ZO +€1 ap forao € Zp and some
o € Z. More precisely, fix an injective map 1: Zgp — 7 such that xo(ag) € x (1(ap)),
g € Zp. Setting Zéo =Ly — 20 oy € Ty, we have £; = ZaEI Lé, where

ap’

00, L £y + 168,716,
1 0 T L0 1+ 1 ao*, 160, if @ = 1(a0) € (o),
= . * *
L, =ilky, -1+ +£é0 [- 010]+[ o ]Eé (2.12)

Lol Lol + 14y, - 1y if @ € 1(Zp).
The strength of the perturbation £; is measured by

M := sup Z Oy (2.13)
yEZdXGZd
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where 6,y := 2N7(6) , +6, ), in which

00y = > ((1+1%80,)8c i)

ap€ly
X0 (o)=Y

2007+ 80,0) [0 (697 €8 | + 1600 1 82 (ed) + 82 (k) €3,

b 8(e0,) +8c(ehy) ek | + ek T 8:(64)])

and
01y = 3 ((10260,)80 ) + 207 + 80, [8:60) 1l + 1€5116:(£5)] ).
aeZ\i(Zop)
x(@)3y

We observe that both Cp in (2.11) and M in (2.13) are finite whenever the family
{ky, Lo }aeT 1s translation covariant and has finite range. For A € P we denote by L,
the bounded Lindblad generator on A defined by

= Z Ly (2.14)

XCA

and by (PtA) >0 the corresponding QFS. We finally recall that A is the spectral gap of
the unperturbed one-qudit generator L.

Theorem 2.2. Assume Co, M < 00 and consider L as an operator on A with domain
AL Then

(i) the graph norm closure L of L generates a QFS (P;),>0 on A;
(ii) A is a core for L;
(iii) for each t > O the operator P; is the strong limit of PA as A 1 74,
(v) NP I < M0 £, for any f € Al and t = 0;
(v) the QFS (P;):>0 has at least one vtatwnary state. A state w € S is stationary if and
only if t(Lf) =0 forany f € A,

As already mentioned, existence of the infinite volume dynamics has been elegantly
proven in [29] by deriving the Lieb-Robinson bounds [23,24] and constructing (P;);>0
as the strong limit of finite volume semigroups. The assumptions in [29] are expressed
in terms of the completely bounded norm of the local Lindblad generator Ly in (1.1).
We note that, since Ly acts on a finite dimensional space it is completely bounded [30,
Prop. 8.11], however its completely bounded norm may grow with | X|, as [30, Ex. 1.8]
shows. In contrast, the assumption M < oo in Theorem 2.2 quantifies, using §, as
introduced in (2.8), the dependence of the jump operators on the qudits. Our assumption
is therefore a condition of “summable gradients” rather than the condition of “summable
norms” in [29] and it does not introduce additional dependence on X due to the use
of the completely bounded norm. Furthermore, Theorem 2.2.(i)—(ii) characterizes the
generator of (P;);>¢ and this allows the infinitesimal characterization of stationary states
in Theorem 2.2.(v).

In Theorem 2.2 we can take Lo = 0, letting for example p be the normalized trace on
H and {e;} 111V=0 be any orthonormal basis with respect to the normalized Hilbert-Schmidt
inner product. Hence, in the particular case in which £ = [/, -] is the Heisenberg
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operator associated with the (informal) infinite volume Hamiltonian I = )y cp Kx,
with Ky as defined below (2.9), Theorem 2.2 yields the existence of a one-parameter
group of automorphisms (U4; );er describing the Heisenberg evolution on 4. In this case,
the assumptions of Theorem 2.2 are analogous to classical conditions in the literature,
see e.g. [34, Thm. 7.6.2].

The next result, which provides a perturbative criterion for the ergodicity of the QFS
(Pt):>0, depends instead on the non-vanishing of £ and more precisely on the existence
of a strictly positive spectral gap for the one-qudit dynamics. If the family {ky, £q}oecr
has finite range the corresponding unique stationary state has exponentially decaying
correlations.

Theorem 2.3. Assume (2.11) and M < Ay. Then
(i) the QFS (P:):>0 has a unique stationary state 1;

(ii) forany f € Aland t > 0

1P — 71 < —S0 o= Can
AM—M

(iii) if furthermore {ky, £y }ocT has finite range then there exist C, { > 0 such that for
any A1, Ay € Pand any fi € Ap,, fo € An,

|7 (fif2) — m(f)m(f2)| < Ce S IALDD (i L AN (AN + A

The condition M < A can be explicitly checked for specific models, we refer to the
Sects.4.1 and 4.3 for the cases of quantum spin systems and of the XY Z-model with
site dissipation. In this respect, items (ii) and (iii) provide quantitative bounds on the
speed of convergence to the stationary state and on the spatial decay of correlations for
the stationary state.

By the density of .A! in A, Theorem 2.3(ii) implies that for each u € S the sequence
wP; converges weakly* to . Even in the case in which £ = Ly, it does not appear how-
ever possible to obtain a quantitative bound on this convergence uniformly in © € S. On
the other hand, as we next discuss, if we restrict to translation covariant interactions and
translation invariant 4 € S, there is a natural distance on the set of translation invariant
states such that the distance between P; and 7 vanishes exponentially uniformly in p.
More precisely, the final topic that we discuss is the exponential convergence of the QFS
(P:)+=0 to the unique stationary state 7 in term of the specific quantum one-Wasserstein
distance introduced in [16], which is the non-commutative counterpart of the Ornstein
d distance on the set of translation invariant probabilities. Given A € P let || - ||w, be
the norm on the space (9% of self-adjoint and traceless elements in A, defined by

1.
1AW, = 5mf{ S IAD sz A € OF, Trig AW =0, 3 A% = al,

xeA xeA

where || - ||A, 1y i8 the trace norm on Ay, i.e. || flla, 1 = Tr(/ ff*), and Triyy: Ap —
Anp\(x) denotes the partial trace on H(y}. Denoting by Su the set of states on Ay, the
quantum one-Wasserstein distance Wp on Sp is defined by Wa (i, v) := || — v|lw,-
Here we have identified Sp with the positive elements in .4, with unit trace. Recalling
that S; is the set of translation invariant states on .4, as proven in [16, Prop. 4.1], the
specific quantum one-Wasserstein distance is the distance on S; defined by

1 . 1
w(p, v) := sup — Wr(ua, va) = lim —Wa(pa, va), (2.15)
AeP |A] Atzd |A|
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where 115 denotes the restriction of the state i € S; to a state on A, . Observe that the
topology on S; induced by w is finer than the weak* topology.

Theorem 2.4. Assume (2.11), M < Ay, and that {ky, Ly }ocT IS translation covariant.
Then the unique stationary state 7 of the QFS (P;);>0 is translation invariant and there
exists a constant C > 0 such that for any u € S; andt > 0

w(uPy, ) < Ce~M=M1,

The proof of both Theorems 2.2 and 2.3 follows the strategy used in the construction of
the Markov semigroup describing the evolution of interacting classical lattice systems
[25, Ch. I]. The key ingredient is an a priori bound on the resolvent equation (A —
L£)g = f showing that g € A! whenever f € A'. By approximating £ with the
finite volume generator £ and using the Lumer-Phillips theorem, this a priori bound
implies the existence of the infinite volume dynamics. As in the commutative case, when
M < X1, the a priori bound obtained on the resolvent equation actually implies that the
seminorm ||| - ||| is exponentially contracted by the QFS (7;);>0. By routine arguments,
this yields the exponential convergence to equilibrium stated in Theorem 2.3(ii). The
exponential decay of spatial correlation at equilibrium in Theorem 2.3(iii) follows from
Theorem 2.3(ii) and the Lieb-Robinson bounds [23,29], also referred to as “finite speed
of propagation” in the commutative setting [25, Section 1.4]. While Theorem 2.4 is a
straightforward consequence of Theorem 2.3, its formulation appears novel also in the
context of interacting classical lattice systems.

From a technical viewpoint, in the commutative case discussed in [25, Ch. I] the
seminorm ||| f||| is defined in terms of the oscillations of f at the sites x € 74 while
here it is adapted to the unperturbed dynamics. Correspondingly, while in [25, Ch. I]
the strength of the unperturbed dynamics is specified by a Doeblin condition on the
transition rates, here it is measured by the spectral gap A1 of the unperturbed one-qudit
generator. Accordingly, a crucial input for the derivation of the a priori bound on the
resolvent equation is the intertwining relationship (1.2) for the unperturbed generator.

3. Interacting Qudits: Proofs

In this section we prove Theorems 2.2, 2.3, and 2.4.

3.1. Semigroup generation. Recalling the definition of n below (2.2) we first show that
”Ex,h”.A—>.A =n.

Lemma 3.1. Foreachx € 74 and h € {0, 1, ..., N}, the operator Ex j, defined by (2.5)
extends to a bounded operator on A. In fact, for each f € A we have |Exof| < | fIl
and |Exn fIl < nllfll. h € {1,..., N}.

Proof. By the density of A” in A, it suffices to prove the stated inequalities for f € A
with A € P. We first observe that, by the very definition of Ey j, we have E, , f =
Ex,o(e;hf). On the other hand, for g € Ax we have E, og = Trin(pg) @ I3, in
which Trx 1 Ay — Ap\(x) is the partial trace on H >~ H,). Since g = Triy)(pg) is
completely positive and unital, the Kadison-Schwarz inequality implies || E, og|| < |Ig]l-
Aseyo=1and |lexnll <n,h €{l,..., N}, this bound yields the claim. O



Perturbative Criteria for the Ergodicity of Interacting Dissipative Quantum Page 11 of 34 140

Proof of Lemma 2.1. The statement is a direct consequence of the following bound. For
eachX € P,u e Ax,and f € A,

I, £11 < 200l Y 8:(f)- (3.1)

xeX
To prove this inequality, given x € Z¢ define the operator F,: A — A by
N
Fof =) (Exnf)ecn (32)
h=1

so that (2.6) can be recast as f = E, of + F, f. Enumerating the elements of X =

{x1, ..., xn} and using recursively this identity,
m m
f= (HExm)erZ(]_[ Ex,-,o) Fy, f. (3.3)
Jj=1 j=1 i<j

Since the first term on the right-hand side commutes with u € Ay, the bound (3.1)
follows by observing that [[[f1, f21Il < 2l fillll f2Il and [[Ex olla—~a = 1, [Fx fIl <
ndx(f), x € Z4. m

In order to construct the QFS generated by the operator £ defined in (2.9), we shall
use the terminology and the results of [33, Section X.8]. In particular, a densely defined
operator T on a Banach space X with domain D is accretive if for each x € D there
exists p € X’ such that ||p|lxy = 1, 9 (x) = ||x|lx, and Re(p (Tx)) > 0. By the
finite dimensional theory of quantum Markov semigroups, the bounded operator Ly,
X € P, as defined in (2.10), generates a QFS on the finite dimensional C*-algebra
Ayx. The Lumer-Philips theorem [33, Thm. X.48] thus implies that — L is accretive
and therefore also — £, with domain A!, is accretive. For the sake of completeness, we
however next provide a direct proof of the accretivity of —L.

Lemma 3.2. The operator —L with domain A" is accretive.

Proof. By the definition of A!, Lemma 2.1, and the Banach-Alaoglu theorem, it is
enough to show that for each f € Ax, with A € P, there exists g € A’ such that

lolla =1 () =IfI. Re@(Lf)) =0. (3.4)

Since A, is finite dimensional, there exists € € H with ||& ||y = 1, which is eigenvector
of ff* with maximal eigenvalue: (ff*)€ = || f||%£. Let g € A’ be defined by

_ E.8f"On
A1

where (-, -)7¢ denotes the inner product in H. We claim that this functional fulfil the three
conditions in (3.4). The second condition holds trivially. The first one follows from the
second and the bound

£ (g)

lef &llre _ e Il _ N/ ™I
[/ [ I (A

o ()] = = ligll-
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Recalling (2.9), in order to prove the third condition in (3.4) it suffices to show that for
each self-adjoint k € Aandu € A

Re p(ilk, f1+[u*, flu+u*[f, u]) <0. (3.5)

For the first term we have

1
Re g (i[k, f])——mlm(%‘ [k, 1" 6)m

1
=70 Im ((f*&, kf*&)p — I I, kE)p) = O

since k is self-adjoint. On the other hand,

Re o ([u*, flu +u™[f,ul) =Rep Qu* fu —u*uf — fu*u)

1
= gy Re (& @ fu—uuf = fut [7E)y
1
= 7 Re (26w fus "o = @ wuf fen — € futuf o)
1 *
“i Re (207wt uf ") — I /12t 1 — s €15, )
= ||f”(llf w3 — I FIPug I7,) <
where we used Cauchy-Schwarz in the second last step. The proof of (3.5) is thus
completed. .

We next prove the intertwining relationship between the unperturbed generator Lo
and the operators E, j, defined by (2.5).

Lemma 3.3. For each f € Al x eZ¢ and h € {0,1,..., N},
Ex,h»c()f _‘COEx,hf = _)\hEx,hf-

Proof. By linearity and density it is enough to prove the statement for a monomial,
f = ®y fy. Recalling (2.4), from the spectral decomposition (2.2) and the definition
(2.5) of E j we deduce

Ex,hEOf = —Anlen, fx)p( ®y7éx f))

N
- szk(ekv fz)p(ehv fx)p( Qy£x,z fy) ® ez ks

7#x k=1
N
EOEx,hf = — Z Z)»Hek, fz)p(ehv fx)p( Qytx,z fy) R ez k-
z#x k=1
The statement follows. |

The following lemma provides the key estimate in realizing the generator £ as a
perturbation of Lo. Recall that £; = Y7 L} with L} defined in (2.12) and that
8(f) € £1(Z4) has been defined in (2.8).
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Lemma 3.4. Foreacha €T, f € A\, x € Z¢, and h € {1, ..., N},
|ExhLlf = LYEcnf| < D 0ry(@)8y(f)
yezd

where
Or.y (@) == 20(1 + 08, )8x (ko)

8 (€05) | e | + €00 11 8 (¢5)

ea (el [0, [+ [ 8:(68,) i =1(a0) €1 @),

A (L7280 ,)x 1+ 60 (Le,) [0 | + [ €6 [ 8+ (2,)
8 (€5) I1€all + 1€51 8x(£%) if a & 1(Zo)

Proof. The statement is a direct consequence of the bounds (3.6) and (3.7) below.
Foreachu € A%, x e Z4, h e {1,...,N},and f € A,

|Ecnli, £1= T, Exa f1] < 7 vey)8,(f), (3.6)
yezd
where

Vey @) = 20 (1 + 178, )8y ().

Foreachu,ve A%, x € Z, h e {l,...,N},and f € A!,

|| Ex,h(u[fv U] + [uv f]U) - M[Ex,hfv U] - [I/l, Ex,hf]v“ S Z Vx,y(ua U)(Sy(f),
yeZzZd

(3.7)

where
Ve v) = 4P (10 7280,) (8@l ] + 118,

To prove (3.6), let X = {xq,...,xp,} € P withx; = x and u € Ay. By (2.6) and
3.2)
Ex,h[u» f] — [u, Ex,hf] = Ex,h[ua Ex,Of]

Y 3.8
o3 [Eontuec 0 Eei ) — Exx D Eptesio)] - [u. Ecnr]
k=1

where we used that Ey pex r = 8p k. By (3.3) and recalling that eg = I, the first term
on the right-hand side above can be expanded as

m

Exnlits Exof1 = [Exitts Exvof] = Y2 [Evonts (] Ex0) F f]

i=2 j<i
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whose operator norm is bounded above by

N
2Ecnull Y NEfI <200 Ecnuel Y Y NEw £l

yeX\{x} yeX\{x} k=1

On the other hand, by using again the identity (2.6) for u, the second term on the right-
hand side of (3.8) can be rewritten as

N

[Ecou. Ecnf]+ Y {cjk(Ex,ju)(Ex,kf) —c,’g,j(Ex,kf)(Ex,ju)] (3.9)

k.j=1

where C?’k = Ey p(ex, jex ). Since C;”k = c?’kl with |c§”k| < n?, the operator norm
of the second term in (3.9) is bounded above by

N N
203> N Er jul YN Ec £l
j=1 k=1

Finally, again by the identity (2.6) for u, the sum of the third term on the right-hand side
of (3.8) and the first term of (3.9) gives

[(Ex,ku)ex,kv Ex,h f]

N
=1

k

whose operator norm is bounded by

N
20y NExxull | Exnfll.
k=1

Gathering the previous estimates we deduce (3.6).
To prove (3.7), let X € P be such that X > x and u, v € Ay. Enumerate as before
the elements in X € P letting x; = x so that X = {xy, ..., x;,,}. By the identity (2.6),

Exn(ulf vl +[u, f1v) — ulExp f, v] = [u, Exp fv)
= Exn(ulExof, v1+[u, Exoflv+2u(Fy f)v — uv(Fy ) — (Fy fuv) (3.10)
—2u(Ex p f)v+uv(Ex p )+ (Ex p fluv.

By (3.3)

B (ulEwofo o)+l Evos10) = Y Eci20((T] o) Pt o
=2 i< (3.11)

a(TTE0)rr) (T8 o]

j<i j<i
We claim that for g € Ajyjc andu, v € A

| Exn(ugo) || < n*llgll(8x@llv] + lulldc (). (3.12)
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Indeed, by using the identity (2.6) for u,

N
Ey i (ugv) = (Ey 0t)g(Ex jv) + ) (Ex jut) Ex p(ex V)
j=1
so that

N
| Ecn(ugo)] < Nl (el Expvll + 1% Y 1 Ex jullliv])
j=1
which implies (3.12). By using (3.12) we then bound the operator norm of the right-hand
side of (3.11) by

N

N
4 > (IEx jullloll + Tl Exjol)) > Y |Evif]-

j=1 yeX\{x} k=1
By using (2.6) and (3.3) first for u and then for v, noticing that E, 4 Fy = Ey p,
Exn(2u(Fy f)v — uv(Fy f) — (Fe f)uv) = 2(Ex ou)(Ex i f)(Ex,00)
- (Ex,()u)(Ex,OU)(Ex,hf) - (Ex,hf)(Ex,Ou)(Ex,Ov)

N
+ Yy (26,’:, JEx o) (Ex ik f)(Ex, jv) = Cl L (Ex o) (Ex j0)(Ex i f)

Pyt (3.13)

— Cl (i ) (Ex o) (Ex, o))
+ Evn (200 (Fy v = (Fadv(Fe f) = (Fe f) (Faow),

where C}/ h ki is defined below (3.9). Using that 1C. h || < 13, the operator norm of the
third and fourth lines on (3.13) is bounded by

N
4 Jlul Z IEx jvll Y IExk fI-
j=1 k=1

By using Lemma 3.1, the operator norm of the fifth line on (3.13) can be bounded by

N N
AP [l Y NEr jull Y N Exk f1-
j=1 k=1

Finally, again by the identity (2.6) for # and v, the sum of the last line on the right-hand
side of (3.10) and the first three terms on the right-hand side of (3.13) gives

— 2(Ex,0u) (Ex.n f)(Fxv) + (Ex,0u) (Fxv)(Ex,n ) + (Ex,n f)(Ex,0u) (Fxv)
= 2(Fru)(Ex,n f)v + (Fxu)v(Exp ) + (Exn ) (Fxu)v
whose operator norm is bounded by

N
a0 Y (IExjull vl + el Ex joll) | Exn £1.
j=l1
Gathering the previous estimates we deduce (3.7). O
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Recalling 6y, has been defined below (2.13), let ® be the operator on ¢ (Z4) with
kernel (6y.y) . . _,4- Namely,

X,yE

OB): = Y 0iyBy. x €L Bely(Z? (3.14)
yezd

Recalling that A is the spectral gap of the unperturbed single site Lindblad generator,
the following lemma provides an a priori bound on the resolvent equation.

Lemma 3.5. Assume (2.11)and M < +00. The operator ® on £1(Z%) satisfies | © le,— e
< M. Furthermore, if f, g € Al satisfy

A=Lyg=f (3.15)
for some A > 0 such that ». + .1 > M, then
5(g) < (h+11—0©)7'8(f)  pointwise. (3.16)
In particular,
gl <+ a1 = M) (3.17)

Proof. Definition (2.13) readily implies the bound ||®|¢,—¢, < M. Assuming (3.15),
forx € Z9 and h € {1,..., N} we have

AEx g = Exnf + Ex,hﬁg
=Ecpnf+LExpg+ExnLog — LoExng+ ExnL18 — L1Ex 5g.

Applying Lemma 3.3, we thus get
()L + )\h)Ex,hg = Ex,hf + EEx,hg + Ex,h»clg - ElEx,hg- (318)

Since, as provenin Lemma 3.2, — L is accretive, foreach x € Z4andh =1, ..., N,there
exists p € A’ such that ]4 = 1, 9 (Ex48) = | Exngl, and Re p (LEx g) < O.
Pairing both sides of (3.18) with g and taking real parts we deduce

A+A)Exngll <Rep (Exnf)+Rep (Exnl1g — L1Exng)

(3.19)
SNExnfll+IExnL1g — L1Ex ngll.

Lemma 3.4 and the definition of 6y  below (2.13) imply thatforeachh € {1, ..., N}
1
IEcnLig = L1Ecngl = 5 D 0rydy(2).
yezZd
Since A, > A1, summing over i € {1, ..., N} the bound (3.19) we get
(A+X11)8(g) <8(f)+O38(g)  pointwise.

Equivalently,

8(g) = :

1
8(f)+ ——Os intwise.
=i f) Py (8)  pointwise
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Since © is positive operator and §(f), 6(g) € €1 (2%, this inequality can be iterated to
obtain

n—1 k o"
8(g) < ]; Wa( )+ m5(g) pointwise.

By assumption A + 1| > M, hence the last term in the right-hand side above vanishes as
n — oo. The bound (3.16) follows. Since |[(A + A1 — @) g, p, < A+ A — M),
the bound (3.17) is obtained by taking the ¢ (Z%)-norm of both sides in (3.16). O

Proof of Theorem 2.2. By Lemma3.2 —Lis accretive thus closable, seee.g. [33, Ex. X.52].
The proof that its closure £ generates a QFS on A is achieved by the following steps.
Step 1. The operator £ generates a strongly continuous contraction semigroup (P;)s>0
on the Banach space A.

In view of the accretivity of —£ and the Lumer-Phillips theorem, see e.g. [33,
Thm. X.48], it is enough to show Ran(A — £) = A for some A > 0, where Ran(7") de-
notes the image of the linear operator 7. To this end it suffices to show that Ran(A — L) is
densein A. Pick asequence A, € P,n € N,suchthat A, C Ay and|J, Ay = 74 Let

also £ be the finite volume generator defined in (2.14) with A replaced by A, and ob-
serve that —£ is an accretive bounded operator on A. Hence, £ generates a strongly

continuous contraction semigroup on A denoted by (Pt(")) ;~0- By the Lumer-Phillips

theorem we then deduce Ran(A — £L™) = Aforanyn > 1 and A > 0. Fix f € Al,
choose A > O suchthat A +1; > M,andsetg, = (A — L)V f, f, = (A — L)gn. We
claim that

I fi—fll =0 as n— oo. (3.20)

Since A! is dense in A, this yields the density of Ran(x — £) in A.

To prove (3.20) we decompose L™ = £I" + £ where £{" = > iea, LY and
Ein) =>4 X (@)CA, Lé. Set 9(") =0Ox,yifx,y € A, and 9)5"\, = 0 otherwise and let
O™ be the operator on £ (Z4) with kernel 9)5"; We the claim that

5(gn) < (A +21 —OM)'8(f),  pointwise.

This follows indeed from Lemma 3.4 and the argument in the proof of Lemma 3.5 to
deduce (3.16). Since 9(") < 0y,y, the previous bound implies

8(gn) < (A+11 —O)718(f),  pointwise. (3.21)
The argument in proof of Lemma 2.1 and more precisely the bound (3.1) implies
L = £l = £ = Dygn] = D €5 ()8 (gn)
xeZ4
where

c'@ =20 D (kall +20tal?.

)
X()NA,#D
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Recalling (2.11) we now observe that C(()")(x) < Cp and C(()”) vanishes pointwise as
n — oo. Hence, by the bound (3.21) and dominated convergence we conclude the proof
of (3.20).
Step 2. Pi(A1) € Al and [P, £lIl < ™01 £l £ = Oand f € A,

We first observe that, by the relationship between the semigroup P, and the resolvent
(A — £)~! provided by the Hille-Yoshida theorem, for each # € .A and ¢ > 0 we have

P = lim (E)"(E . Z)_"u. (3.22)

n—oo \t t

For f as in the statement, let g, and f;, be defined as in Step 1, where we recall that
A+ A; > M. Since, as proven in Step 1, f,, — f, and (A — L)_l is bounded, g, =
(A — £)~! f, is a Cauchy sequence, whose limit is denoted by g € .A. We deduce that
the sequence £g, = Ag, — f, has alimit. Hence, f belongs to the domain of £ and f =
(A —L)g. By taking the limitn — oo in (3.21), we deduce that §(g) < (A+X11 —©)S(f)
pointwise, in particular g € A'. Thus (A — £)~' A! ¢ A', which, by (3.22), proves that
PA c At > 0.
As just proven, if L + A1 > M,

S(A—=L)'H<+r —0)718(f)  pointwise.
Since ® is a positive operator, by iterating this bound we deduce that for every n € N
(=L)"Y <(A+xr; —O)"8(f)  pointwise.

Hence, by (3.22), fort > 0

Pl =3 8 =3 tim (%) '5((5-£) "¥)

xezd xezd
= 2 tim, (7) ((Frm—0) o),
- Z (e(@’—“)’(S(f))x < e(M—M)szl”’
xezd

where we used ||O[|¢, ¢, < M in the last inequality.

Step 3. For each f € A and t > 0 the sequence ’P,(") f converges to P; f asn — oo.

Since P; and Pt(") are contractions on .4, and A is dense in A, it is enough to show
the statement for each f € A!. By Step 2 and standard interpolation, we have

Pif-PMf= / T (PUPf) = / ds P (L™ + LYPs f,
so that
t
IP.f =P Al < [ dsl £+ 2P S

By the argument below (3.21), dominated convergence, and again Step 2, we then con-
clude that the right-hand side vanishes as n — oo.
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Conclusion. By Step 1, £ generates a strongly continuous contraction semigroup (Pr)i=0
on the Banach space .A. To show that (P;);>0 is a QFS we need to prove that P; is a
completely positive operator on the C*-algebra A for each > 0. Observing that £
is a finite rank operator, the standard theory of QFS on finite dimensional C*-algebra
[26] implies that ”P,(") is a completely positive operator on A for each t > 0 andn € N.

As follows from Step 3, for each ¢ > 0, the operator P is the strong limit of ”P,("), and
therefore also completely positive. ~

In view of Step 2 and [33, Thm. X.49] Al is a core for £. Claims (iii) and (iv) are
the content of Steps 3 and 2, respectively.

Finally, to prove item (v), pick u € S and set

1 T
ul :=—/ uPidt, T €(0,00).
T Jo

Since ||/LT L4 = 1, the Banach-Alaoglu theorem yields the existence of m € A’ with
7|4 < 1 and a sequence 7, — oo such that uln > 7 weakly* in A’. Moreover, 7
is positive and, since A4 is unital, 7 (1) = 1 so that 7 € S. Fix s > 0, by taking the limit
n — oo in

1 Th+s

T, s
n 1 1
T T,
nhp = — WP dt = uln — — WP, dt + — WP, dt,
* 1 /(; o 7n/(; ' 1 '

n n JT,

we deduce that m = Ps hence 7 is stationary.

To prove the infinitesimal characterization of stationary state, we first observe that,
in view of Lemma 2.1 and items (i)-(ii), the stated condition is in fact equivalent
to 7(Lf) = 0 for any f in the domain of L. Clearly, the invariance of 7 implies
this condition. To show the converse, from the infinitesimal invariance we deduce
that JT(A(A — E)_lf) = n(f) forany A > 0 and f € .A. Therefore, by iterating,
(M= L£)7" f) = 7 (f). We conclude by using (3.22).

Remark 3.6. The proof of Theorem 2.2 given above actually implies that foreach f € A!
andr >0

S(P, f) < e Me98(f)  pointwise.

3.2. Perturbative criterion for ergodicity. Before discussing the proof of Theorem 2.3,
we show that the Lieb-Robinson bounds hold for the QFS (Pt) ;>0 the evolution of the

product of two observables, with distant “support”, can be approximated by the product
of their respective evolution on a suitable time scale.

Proposition 3.7. Set

wey =80 Y |lal®. x.yezd (3.23)

ael
x(@)D{x,y}

and assume there exists & > 0 such that

Mg = sup Z Qx,yeg‘x_y‘ < 00, (3.24)
yvezd xeZd
Qg := sup wx,yegl"_yl < 0. (3.25)

x,yezZd
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Then, for each A1, Ay € P, f1 € An,, fr € Ap,, andt > 0,

2(Mg—x1)t __ 1

1P (f1f2) = (Pefi)(Pif)]l < QS e S AL £ 11| A1

ST2(Mg — )
Lemma 3.8. Forany f1, f» € A andt > 0,
1
IP(fif) = P fOP I < Y ony /0 dse” 21 (@ O8(f1))x (¢ O8(f2))y-
x,yeZd

Proof. Set Fy = Pi(f1f2) — (P: f1)(P; f2). By direct computation,

d
_Ft == EFt + Gt
dt

where
G, = 5((7’zf1)(7’zf2)) - (Eptfl)(Pth) - (Ptfl)(ﬁpzf2)-

Since Fy = 0 and P; is a contraction on A we deduce

t t
150 =] [ PiesGias| < [ 16Gitas,

Given g1, g2 € Al by direct computation,

L(g182) — (Lg1)g2 — g1(Lg2) =2 ) _[£%, 211[g2, La]
ael

whose operator norm, using (3.1), is bounded by Zx’y Wy, y8x(g1)dy(g2). In view of
Remark 3.6, the statement follows by choosing g; =P, fi,i = 1, 2. O

Proof of Proposition 3.7. Recalling (3.14), assumption (3.24) readily implies, fors > 0,

e Elx—y| sMg
supd Z (e )x’ye < Mg,
YEL v eqd

This bound, together with assumption (3.25), yields

Z Wy (es(a)x/’x (esG))y/J < QéeZMgs—E\X—y\_
x’,y’eZd
The statement now follows from Lemma 3.8 and elementary computations.
Proof of Theorem 2.3. To prove (i), we observe that for f € A! the sequence (P, f )i=0

is Cauchy in A as t — oo. Indeed, fort > s > 0

t
Plf—Pszf LP,fdr,
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so that

t t
IPf — Pofl sf 1P, f 1 dr SCo/ 1P, £l dr
$ $ (3.26)

P Co o P
SCO/ eI dr = 2O (e MY M gy
s l_M

where we used Lemma 2.1 for the second inequality and Theorem 2.2(iv) for the third
one. Let then foo = lim;, oo P; f € A. We claim that f, € C1. Indeed, by Lemma 3.1
and Theorem 2.2(iv) Ex p foo = 0, x € Z4, h € {1, ..., N} which, as observed below
(2.7), yields f» € C1.

Let 7: A' — C be defined by fo = 7(f)1. We claim that 7 extends to a state
7 on A. The map 7 is obviously linear and, since P; is a contraction, |7 (f)| =
lim;— o0 |P: fIl < || fIl. Hence, || || 4» < 1. This bound implies that the map = can
be extended to a continuous linear functional on A. Furthermore 7 (1) = 1. It remains
to show that 7 (f) > O for f > 0. Since (P;);>0 is a QFS, we have that P, f > 0, and
passing to the limitt — oo we obtain fo, > 0, which implies 7 ( f) > 0. The semigroup
property and the definition of 7 imply that 7(P; f) = 7 (f) forany t > O and f € A',
hence 7 is a stationary state.

To show uniqueness, if v is a stationary state, for f € A! we have v(f) = v(P; f)
which in the limit t — +oo yields v(f) = v(w(f)1) = 7 (f). Hence v = 7 since Al
is dense in A.

To prove (ii) it suffices to take the limit # — oo in (3.26).

Finally, we prove claim (iii). By the triangle inequality, for each t > 0,

I (f1f2) = (fOr ()] < IPi(f1f2) — w(fr U+ 1P fr — e FOLNNP: f2l
+17 (fONP:f2 — (DA + NP (f1f2) — (P fO(Pef)l

< Ce= M= AN+ IANTAT+ 1A TNAI + 1P fif2) = (P fOP I

where we have used (ii) and have set C = Cp/(A1 — M). The bound (3.12) implies

f 200 < N> (NANAT+ AT < N> (LA A LR+ A

Note that conditions (3.24) and (3.25) trivially hold for any £ > 0 by the finite range
assumptions. Moreover, denoting by R the range, we have M < M eR& . We can thus
apply Proposition 3.7 which yields

Iz (f1/2) = m(fOr(f2)]
C R .
< S (em g MRS ) (1 LA (1 21+ DA,

where Cz = 2Nn? max {C, Qg /(2Me®%)}.
By choosing = & (A — M +2MeR$)~dist(A1, Az), we deduce (iii) with C = C
and £ = (0 — M)E(0y — M +2MeRE) ™",
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3.3. Convergence of the specific quantum one-Wasserstein distance. We first recall the
dual formulation of the quantum one-Wasserstein distance Wy in terms of a Lipschitz
seminorm proven in [15, Prop. 8]. Given A € P we introduce the Lipschitz seminorm
Il A Lipon An as lll flll o Lip := SUpyen Ox(f) Where O (f) := 2infoea, .y I/ — &Il
Then the quantum one-Wasserstein distance on the set of states on .4 can be represented
as

Walw,v) = sup |u(f) =v(f)l (3.27)

1A Lip=1

Lemma 3.9. For each A € P and f € Ap

1
LA = SN AT A, Lip-

Proof. Since Exf = E;xp(f —g) forany h € {1,...,N} and g € Ap\(x), by
Lemma 3.1, we deduce || Ex p f || < n6x(f)/2. The statement follows. O

Proof of Theorem 2.4. Since L is translation covariant, the QFS (P;);>0 has a translation
invariant stationary state 7, which is unique by Theorem 2.3(i). Recalling (2.15), for
eachu € S;andt > 0,

1
w(uP, ) =sup — sup |u(Pf — ()1
AeP IALifi, st

< Sup - Sup ||73tf—n(f)1||.

AeP AL ifll, Lp=t
The stated bound, with C = Co(A; — M )’IN n/2, now follows directly from Theo-
rem 2.3(ii) and Lemma 3.9.

4. Interacting Qudits: Examples

To exemplify the abstract theory developed before, we next introduce simple dissipative
quantum lattice systems and discuss when the perturbative criterion for ergodicity in
Theorem 2.3 can be applied.

4.1. Quantum spin systems: application of the perturbative criterion. We consider a
class of QFS with purely dissipative Lindblad generators £ and show how the decom-
position £ = Lo + £ can be achieved. We focus on the case of translation covariant
interactions with finite range.

Let H = C?, A = B(C?) and denote by M and A the Hilbert space and the C*-
algebra constructed in Sect.2.2. Let 7 = 74 x {1,2,3} and x: Z — P be the map
(x, j) = {y: |x —y| < R} =: Bg(x). Consider the informal Lindblad generator

L= (L3l Lol +1L5. - 165). (4.1)
ael
where the jump operators £, satisfy £, j) € Ap,(x) and are translation covariant. As

we will next show, under suitable conditions on these operators, Theorems 2.2 and 2.3
can be applied to deduce that the graph norm closure of £ generates an ergodic QFS.
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We denote by o, j = 1,2, 3 the Pauli matrices

(01 (0 —i (1 0
o1=1\1 o) 2=\i o) “=\o -1

and by o, j, j = 1,2, 3, the corresponding elements of Ay).
Fix xg € Z4, let Dixpy C Ajx) be the real linear span of {1, oy, 3} and set

Ay =min{[lox,18 = Lig, ) | + 104,28 — Lixo.2) |l : & € Dixgy ) “2)
Az =min{|lg — £.3)ll: & € Dixg}}-

Next, choose

a € argmin{|loy, 18 — Lo )| + 100,28 — Lixo2) 1 & € Dixgy |
be argmin{”g — L)l g € D{xo}}.

By translation covariance, A1 7, A3 do not depend on xg. Furthermore, identifying A
with A = B(C?), there exist reals «g, a1, Bo, A1 such that

_foap O (B0 O
= (@ a) o=@ 5)
Hereafter, we assume oz(2) + a12 > 0.

Introduce on A the Lindblad generator

2
Lo = Z (aaj[ -, 0ja]+[aoj, ~]oja) +bos| -, o3b] + [bos, - losb. 4.3)
j=1

By direct computation, the Lindblad generator L is self-adjoint with respect to the GNS
inner product induced by the density matrix

o= 1 (aé 0)
Ol(2)+0l% 0 o)

The eigenvalues of —Lgare Ag = 0, A = 4(ag+oef), and u = 2(ag+af)+(,30 —B1)?* with
multiplicity 2. The corresponding normalized eigenvectors can be chosen as eg = I 2,

%0 2 (0 1 2 (0 0
— —_ (0] —
ek—("(‘)' —3(1))’ eur = /143 (0 0>, eM——‘/1+—aé <1 0).(4.4)

In particular, the spectral gap of —Lg is A; = A A . Moreover, again by direct compu-
tation, n = max{|lexlla, lle+lla, lley-1la} = (ao/a1) V (@1 /ap).

The decomposition in Sect.2.4 is then achieved as follows. Set 7y = Z = Z¢ x
{1,2,3}andlet:: Zyp — Z be the identity map. Denoting by a., b, the elements in Ay,
corresponding to a, b via the identification of A with Ay, we then set E?x,j) = 0y, jdy,

j=12, K(()xj) = by, and Z; =Ly — 42, o € Z. By construction

L= (6571 e+10". - 1e0) + > L,

aely acl
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in which Lé is given by the right-hand side of (2.12) with k, = 0.

Recalling (2.11) and (2.13), by few trite computations we get Co = 4n Z;Zl €0,
and

M <20°(* + DR + D (2(lowo] V latDA12 +2(1Bol V [BIDA3 + AT 5 + A3).

In particular, the QFS generated by £ is ergodic if Aj 2 and A3 are small enough
compared to the spectral gap A;.

4.2. Quantum spin systems: conjugation with classical spin systems. According to the
terminology in [25, Ch.III], a (classical) spin system is a Markov semigroup (’P,Cl),zo
on the commutative C*-algebra C(2) of the continuous C-valued functions on  :=

{—1, I}Zd whose generator acts on local functions by

(Lafa)(©@) =) cx(@Nfal@™) = fu(@)], o€Q,

xezd

where ¢, : Q2 — [0, 00) is the flip rate and o* is the configuration in which the spin o
is flipped at site x. Many popular models like the stochastic Ising model, the contact
process and the voter model are examples of spin systems. Provided the flip rates cy
satisfy suitable conditions, the semigroup generated by L is ergodic. On the other
hand, for particular choices of the flip rates ergodicity fails, i.e. the stationary state is
not unique. We refer to [25] for the details of both situations.

When the jump rates ¢, have finite range, we next construct a QFS (P;);>0 whose
action on a commutative subalgebra D of A is conjugate to the one of (Pfl);zo, thus
providing, for non-ergodic (Pfl) >0, examples of non-ergodic QFS. The corresponding
Lindblad generator has the form considered in the previous section, see in particular (4.1).
Let D C Abe the commutative C*-subalgebra of A generated by o, 3, x € Z¢. Consider
the C*-algebra isomorphism ¢: C(2) — D defined by 1(fua) = fa({ox3},ez4¢)- By
choosing £, ; = 1( /cx)ox,j, j = 1,2 and £, 3 € D, a direct computation shows that
Lo1 =10L. Hence the QFS (P;),>0 generated by L leaves invariant D and its action
on D is conjugated to the one of (P,CT)IEO.

4.3. XY Z-model with site dissipation. In this section we consider a Heisenberg pertur-
bation induced by the XY Z-Hamiltonian of non-interacting dissipative spins. We show
that, if the interaction parameters are small enough the resulting evolution is ergodic.

As in the previous sections, let H = C2 A= B(H),ando;, j = 1,2, 3 be the Pauli
matrices. The one-qubit unperturbed Lindblad generator is

1 2
Ly= Z;(Gj[wf’j] +[oj, -loj)

which is self-adjoint with respect to the GNS inner product induced by the state p =
(1/2) 1. Note that this generator is a particular case of the one introduced in (4.3) when
a = Iy and b = 0. In particular, the eigenvalues of —Lg are Ao = 0, A1 = Xy = 2,
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A3 = 4, with corresponding normalized eigenvectors given by (4.4) withag = o1 = 1/2
and Bo = p1 =0

0 1 0 0
e():I[H, 612«/5<0 0), 622\/§<1 O>, €3 = 03.

Hence n = max (123 llejlln—n = /2. Asin Sect. 2.2, we denote by Ly the Lindblad
generator in which each qubit evolves independently according to Lo, see Eq. (2.4).

GivenJ; € R, j =1,2,3,letkx j = Jjoy jo, jif X = {x, y} with [x —y| = 1, and
kx,j = 0 otherwise. Here we understand, as in the previous section, o, j = 0 ® Iy,
Jj = 1,2,3. The XY Z model is then defined in terms of the informal Hamiltonian
K =3 xep 23:1 kx,;. Accordingly, we set L = Lo + L1 where L is the informal
Heisenberg operator £; = i[/C, - ]. To fit this case in the general framework of Sect.2.3,
set Z = P x {1,2,3}, let x: Z — P be the projection on the first coordinate, ky as
defined above, £((x) jy = (1/2)ox j, x € 74, j =1,2,and £, = 0 otherwise. Note that
the family {ky, €4 }qc7 1S translation covariant and has range R = 1.

As by definition £ = Lo + L1, to apply the results of Sect.2.4 it is enough to set
To =79 x (1,2} with1: Ty —> T given by 1(x, j) = ({x}, j). By direct computation
lkcix,yy, Il < 1Jj] for |[x — y| = 1 and therefore the constant in (2.11) satisfies Cy <
2/2(1+2d|J)), where | J| = Zi':] |J;|. Recalling (2.13), few trite computations yield
M < 964/2d|J|. In particular, by Theorem 2.3, the QFS generated by £ is ergodic
whenever |J| < (48v/2d)~!.

5. Interacting Fermions

In this section we consider quantum lattice systems described in terms of fermionic
operators satisfying the canonical anticommutation relations (CAR). The unperturbed
dynamics is given by the Fermi Ornstein-Uhlenbeck semigroup, while the interaction
will be expressed as a superposition of local generators.

5.1. Canonical anticommutation relations and fermionic C*-algebra. Referring e.g. to
[27] for the abstract setting of Clifford algebras, we next introduce a family of operators
satisfying the CAR in a concrete representation that describes fermions on the whole
lattice Z“.

Let H be the Hilbert space with complete orthonormal system {ex}xcp, where we
recall that P denotes the family of the finite subsets of Z¢. For A C Z? we also consider
the subspace H spanned by {ex}xca. If A is finite, then H, has dimension 2141
Clearly, HO = Uaep Ha is dense in H. Moreover H,ua, = Ha; ® Ha,, where LI
denotes the union of disjoint sets.

Denote by B(H) the C*-algebra of bounded operators on H and by | - || the corre-
sponding norm. As in the previous sections 1 € B(H) is the identity. Fix a total order <
on Z¢ and for x € Z¢ define a, € B(H) by

arex = Ly () (=D =Hleyy - X e P
where 1x denotes the indicator function of the set X. Accordingly,

yeX: y<x}|

afex = 1za x () (=D exul), X eP.
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By direct computations, the family {a,, a}}, .7« satisfies the CAR, i.e.
{a)nay} = {a;‘,a;‘} =0, {axva;} :8x,yl (5.1)

where {a, b} = ab + ba is the anticommutator of a and b. Let n, = ajayx, x € 74, be
the fermionic number operators. These operators are pairwise commuting, self-adjoint,
satisfy n% =ny,and acton H as nyex = 1x(x)ex.

For A € P, let Ay C B(H) be the subalgebra generated by {ay, a}}rea and set
A := [J,cp Ax. Noticing that A° is a *-subalgebra of B(H), we finally let A be the
norm closure of A9, In particular, A is a unital C*-subalgebra of B(H). In fact, it is
a proper subalgebra as, for example, the translation operators 7., x € Z?, defined by
Ty(ex) = ex4x, lie in B(H) but not in A. As in the previous section, we denote by S
the collection of states on A.

Note that the Hilbert space H constructed above can be identified with the one
presented in Sect.2.2 when H = C2. However, under this identification, the C *-algebra
A defined here does not coincide with the C*-algebra A defined in Sect.2.2, since the
fermionic operators a,, a; are not local.

In order to define the dynamics, we next introduce another family of operators
{vx, v}} cza satisfying the CAR. They will have the property that v, and a, commute
for x # y. To this end, let w be the self-adjoint and unitary element of B(H) given by

wey = (=D Xley, X e?P.

The operator w is usually referred to as the main automorphism or sign operator [27].
Observe that it does not belong to A and

way = —da,Ww, wai; = —aiw, x e 74 5.2)

Hence, letting Ady, (f) = wfw, f € B(H), for each A € P, the subalgebra A, is left
invariant by Ad,,. In particular, Ad,, defines an outer automorphism of .A.
Define also the operators in wA C B(H)
Uy = wdy , vy = afw, x e 7%, (5.3)

Readily, also the family {v,, v}}, .z« satisfies the CAR. Moreover, by direct computa-
tions,

[vx.ay] = [v}.af]1=0. [ve.a}]=—[v}.a] =68 yw, x,yeZ’' (54

For A € P we let V5 be the finite-dimensional C*-subalgebra of B(H) generated by
{vy, vilrea. As for the algebra A, set VO .= Upep Va C B(H), and let V be its norm
closure. As follows from (5.4), for disjoint X, ¥ € P the algebras Vx and Ay commute,
that is

[u, f1=0, foranyu € Vx, f € Ay with XNY = (. (5.5)

For A € P, the algebras Ap and V, are Z/27Z-graded, by letting deg(a,) =
deg(a}) = 1 and deg(v,) = deg(v}) = 1, respectively. Hence, we have the decom-
positions Ay = Apx 0 @ Aa,1 and Vo = Va0 @ Va1, where Ay, and Vy ) are
the subspaces of parity p € Z/2Z, respectively. In view of (5.2), Voo = Aa0 and
Va1 = wA, 1.
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Following [10,22] we introduce a gradient structure induced by the fermionic oper-
ators. Let 0y, 0y, x € Zd, be the bounded operators on .4 defined by

dy 1= wlvy, -1, dy i= —wvy, -]. (5.6)

In view of (5.2) and (5.3), if f € Ayyxjc then o, f = E_)xf = 0. Moreover, 3, and 9, are
skew derivations in the sense that for each f, g € A

I (fg) = (B f)g+Ady(f)drg,  0x(fg) = (0x f)g +Ady(f)dxg.

Let also 5x, 5x, x € 74, be the bounded operators on ) defined by

3y = wlay, -1, d, == —wla’, -]. (5.7)

5.2. Dynamics. As unperturbed dynamics we consider the Fermi Ornstein-Uhlenbeck
semigroup introduced in [10,22], that describe the dissipative evolution of free fermions.

For h € R let mp € S be the product state corresponding to free fermions with
external field /. More precisely, for A € P and f € Ay, we set

TrHA (eh DoxeA Mx f)
(1+ eh)Al

wo(f) =

which, by the density of A° in A, uniquely defines 7.
We then define the unperturbed generator on A by

Lo = Z Lg (5.8)
xezd
where
Lg = eh/z([vx, B [V I v:]) +e_h/2([v;‘, Jue + V5[ vx]). (5.9)

By direct computation, LBA C A, and Ly is symmetric with respect to GNS inner
product induced by .

In this section, we define the seminorm ||| - ||| on .A° by
AN = Z(Ilaxfll +10x £1D)- (5.10)
xezd

Observe that ||| f||| = 0 if and only if f is a scalar multiple of 1. Let also Al be the
closure of A° with respect to the norm || - || + ||| - |||. Clearly, A ¢ A! c A.

We consider perturbations of the generator Lo, both of conservative and dissipative
type. The local Hamiltonians will be assumed, as natural from a physical viewpoint, to
be even functions of the fermionic operators, while the jump operators associated to the
dissipative perturbation, belonging to V), can be both even and odd but we will require
them to have a definite parity. More precisely, fix a countable set Z and functions p: 7 —
7/27 and x : T — P with finite fibers x ~'(X), X € P. Denote also Zy = p~'(0) and
7, = p~}(1). Fix then a collection {ky, £ }4c7 Such that k, = ky € Vy.0 = Ay@)0
fora € Zp, kg = 0 fora € Zy, and €y € Vy (), p() for every a € Z. We then set

L) = ZL&, where Ll =ilky, -1+ €5, 10y + €[ -, £y]. (5.11)
ael
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The above parity assumptions guarantee that Lé.A C A, a € Z. We will show in Lemma
5.1 and Theorem 5.2 that, under suitable conditions on the family {ky, £ }4e7, the right-
hand side of (5.11) is well defined on .A', and the graph norm closure of £ = Lo + £
generates a QFS on A.

As in Sect.2, the family {kq. Za}aeI’
such that ky = £, = 0 whenever diam(x («)) > R. The family {kq. £o}, 7 is tran-

slation covariant if there exists an action of the abelian group Z? on Z, denoted by
(x,a) = x + a, satisfying x(x + o) = x + x (), such that Ad¢, (ko) = ky4e and
Adrx (Lo) = Lyta

has finite range if there exists R € [0, 00)

5.3. Main results. As we next state, under suitable assumptions, the operator £ =
Lo+ L is well defined on A!.

Lemma 5.1. If

Co:=2ch(h/2)+4sup > (lkall +2]tal®) < +oo, (5.12)

xeZd . x (@)3x

then for each f € Al the series defining L f convergesin Aand |Lf| < Colll flIl.

As in the case of qudits, we first show the existence of the dynamics of interacting
fermions. For A € P we denote by £ the bounded Lindblad generator on A defined

by
La=) LI+ > L,

xX€EA ael: y(a)CA

and by (P)>0 the corresponding QFS.

Theorem 5.2. Assume (5.12) and consider L = Ly + L1 as an operator on A with
domain A'. If

Mo=tsup S S (I8ckall + 1.kl
YEL! L czd a: x(@)3y (5.13)
+ 20l (18 ball + 18651+ 1.l + 18:€51)) < oo,

then

(i) the graph norm closure L of L generates a QFS (P)i=0 on A;

(ii) Al is a core for L;
(iii) for each t > 0 the operator Py is the strong limit of'PtA as A+ 74;
(iv) for any f € A andt > 0 we have

1P Il < eM=2eh@/20ry) £

(v) the QFS (P:)s>0 has at least one stationary state.

We refer to [32] for an alternative approach to the construction of the infinite volume
dynamics. The perturbative criterion for the ergodicity of interacting fermions is then
stated as follows.
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Theorem 5.3. Assume (5.12) and M < 2 ch(h/2). Then

(i) the QFS (P;):>0 has a unique stationary state 1 ;
(ii) forany f € AV andt > 0

Co _ _
_ 1 < —— % (2ch(h/2)—M)t .
IPf =) = 5o mre £

(iii) if furthermore {ka, Ly }aeI has finite range, there exist C, { > 0 such that for any
A1, Ay C Z4 and any fi € An,, fr € An,,

17 (f1 o) = w(fOr ()] < Ce CEALAD (g4 1A (10 + A1)

As gap(—Lg) = 2ch(h/2), the above criterion corresponds to the one formulated
in Theorem 2.3 for qudits. As in Sect. 2, in the translation covariant case, Theorem 5.3
implies the exponential decay of specific quantum one-Wasserstein distance between
wP; and . We refer to Theorem 2.4 for the precise statement.

5.4. Bounds on the commutators. The proofs of Theorems 5.2 and 5.3 are accomplished
by the arguments presented in Sect. 3. The relevant ingredients are: (i) the intertwining
relationships, as discussed in [10] and stated in Lemma 5.5 below, between the deriva-
tives dy, dr and the unperturbed generator Lo; (ii) some quantitative bounds on the
commutators between the derivatives 9, d, and the perturbed generator £ that are here
derived anew.

We start with the following lemma which provides the fermionic counterpart to (2.6).

Lemma 5.4. Let E, be the normalized partial trace on Hy) and set
D, = a:ax = U;[st -1, D, = axéx = Ux[U:, -1,

that are regarded as bounded operators on A. Then for each x € Z¢ and f € A
_ 1 _ _
f:Exf+Dxf+Dxf—E(DXDX+DxDx)f. (5.14)

Proof. By linearity and density it suffices to show (5.14) when f is a monomial; namely,
when f = ®, f, with f, € Ay} and the product runs over finitely many sites. In view
of (5.4), for such f

Dxf = (®y<x fy)(Dxfx)( ®y>x fy)v l_)xf = (®y<x fy)(Dxfx)(®y>x fy)
On the other hand, by direct computations,

Dy1=0, Dyay =0, Dya; = a}, Dyny = ny,
Dy1 =0, Dya, = ay, Dya* =0, Dyny =ny — 1.

As the linear span of {1, a,, a}, n,} is Ajyy, the statement follows by linearity. O
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Proof of Lemma 5.1. Since |w|| = |lax|| = |laf|l = 1 and w? =1, we have

ITvws FHE =18 I Mg, £ =18 £l e, £ < 18 £l + 192 1. (5.15)

Hence, from (5.9) we get

1LY £11 < 2¢ch(a/2) (1192 f 1| + 13 £1).- (5.16)

As follows from a direct computation, the statement is achieved by the following
estimate. For each X € P, u € Vy, and f € Al

I, £110< 4llaell Y o £+ 185 £1)- (5.17)

xeX

To prove the bound (5.17),let X = {xy, ..., x,; } and introduce the operator F, : A —

A defined by F, = Dy + D, — (1/2)(D, D, + D, Dy). By recursively using (5.14) we
deduce, cf. (3.3),

m m j—1
f:(HExj) Z(HE ) (5.18)
j=1 j=1 =l
Since [|Exllasa < L, IDxllasa < 2, IDxllasa < 2, IDxfIl < 1185 f|, and

1Dy £l < 1105 fl, we deduce
j—1
H(TTEa)Fot| <2000 140370, G=1m (519
h=1

Recalling (5.5), the claim (5.17) follows by noticing that ( ]_[;'-;1 E x].) f belongs to Axe.

We next recall the intertwining relationship between the unperturbed generator Ly
and the gradient structure introduced in (5.6).

Lemma 5.5. For each f € A' and x € 74

0xLof — Lody f = —2ch(h/2)0x f
0y Lou — Lody f = —2ch(h/2)dy f.

Proof. Bothidentities are obtained by a straightforward computation, see also [10, §6.2].
O

Lemma 5.6. Fix x € Z¢ and X € P.
(i) For eachu € Vx g and f € Al
10x[ee, f1— [u, 0x f1I < 4||0xull Z (||3yf|| + ||5yf||),
yeX

19l 1= [u, B £11 < 41352l Y (19, f11+ 13y £11)-

yeXx
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(ii) For each j = 0,1, u € Vx j, and f € Al
|0 G Ly ud + [u*, flu) — (05 f, u] — [* 0 f1u
< 8lluell (1021 + N1cll) D (19 1+ 1y £1)

yeX
[0x @ Lf, ul + [w*, flu) — u*[0y f, u] — [u* 0y flu
< 8lluell (1 0xee* 1 + N1cll) D (119, 1+ 13y £1)-
yeX

Proof. We use the notation introduced in the proof of Lemma 5.1. For (i), we prove only
the first bound. Since u € Vy o, the Jacobi identity yields

el 1= L8, £1 = wllvge . £1= Y [1ur,ul, (ﬁ Ey)Fyf]
j=1 h=1

where we used (5.18) and (5.5) in the second step. The statement now follows from
(5.19).
Regarding (ii), we prove again only the first bound. By direct computation, for j =
0,L,ueV;, feA,
e W*Lf, ul) — w0y f, ul = w(@xu*)f, ] + (=) u*Lf, 1l
e[, flu) — [u*, 0 flu = w([eu™, flu+ (=1 [u*, f1@0)).
The statement now follows by (5.17). O

As we next state, the estimates in Lemma 5.6 provide the required bounds on the

commutator between the gradient structure introduced in (5.6) and perturbed generator
L.

Lemma 5.7. Forx,y € 79 set
Ory =4 Y (l0ckall + 2Ll (19:Lall + 13:€51))

a: yex(a)

Ory =4 > (I0ckall +201Lall (|05 Lall + 10:51))-
a: yex(a)

Then for each x € 7% and f € A!
ox L1 f — L10x [l < Z Oy 10y £ + 19y £11) .

yeZd
18xL1f — Lidx f1l < Z Gey 10y £1+ 13y £1D.
yezd
Proof. The result is a direct consequence of Lemma 5.6. O

Recalling (5.13), note that
M= sup > (B +0.,).
yEZJXGZd

Lemmata 5.1, 5.5, and 5.7 provide the ingredients to achieve the proofs of Theorems 5.2
and 5.3 by the arguments presented in Sect. 3.



140 Page 32 of 34 L. Bertini, A. De Sole, G. Posta, C. Presilla

5.5. Nearest neighbor interacting fermions with site dissipation. Consider the informal
Hamiltonian given by

K=1J Z (a;‘ay +a;ax),
{x,y}: lx—yl=1

for some J € R. Letting £y be the Lindblad generator of the Fermi Ornstein-Uhlenbeck
QFS introduced in (5.8), consider the QFS with informal generator

L=Lo+ilK, -]

It fits the setting introduced in Sect.5.2 with the translation covariant conservative in-
teraction parametrized by 7 = {{x, y}: x, y € Z%, |x — y| = 1} C P and given by

kix,yy = J(a;‘ay +a;ax),

understanding that x : Z — P is the inclusion map. In particular, the family {kq}qe7

has range 1. By direct computation, ||k || = |J| and
8|J|d if x =y,
Ory =0ry =141J] if x—yl=1,
0 otherwise.

Correspondingly, M = 32d|J|, so that the assumptions of Theorem 5.3 are met when
|J| < ch(h/2)/(16d).
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