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Abstract

We consider the (;5;‘ measure in an interval of length ¢, defined by a symmet-
ric double-well potential W and inverse temperature S. Our results concern its
asymptotic behavior in the joint limit 8, £ — o0, both in the subcritical regime
¢ <« ePCW and in the supercritical regime £ > e#CW, where Cyy denotes the surface
tension. In the former case, in which the measure concentrates on the pure phases,
we prove the corresponding large deviation principle. The associated rate function
is the Modica—Mortola functional modified to take into account the entropy of the
locations of the interfaces. Furthermore, we provide the sharp asymptotics of the
probability of having a given number of transitions between the two pure phases.
In the supercritical regime, the measure no longer concentrates and we show that
the interfaces are asymptotically distributed according to a Poisson point process.

Mathematics Subject Classification: 82B24 81Q20 60F10 60J60

1. Introduction

The van der Waals’ theory of phase transition [39] is based on the functional

1
F@) = [ax[519600P + W],

where the scalar field ¢ represents the local order parameter and W is a smooth, sym-
metric, double well potential whose minimum value, chosen to be zero, is attained
at 1, interpreted as the pure phases of the system. We assume that W”(£1) > 0.
After the celebrated Modica—Mortola result [28], the so-called gradient theory of
phase transitions essentially amounts to the analysis of the sharp interface limit of
the free energy functional F, see [1] for a review. In the sequel, we restrict the
discussion to the case x € [0, £] with free boundary conditions at the endpoints and
denote by F; the corresponding free energy functional.
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The above variational formulation of phase transitions does not take into account
the microscopic fluctuations, which are relevant in various phenomena. At the
mesoscopic level, the effect of fluctuations can be encoded by considering the
probability measure, on the space of order parameter profiles, informally given by

dupg.e x Do exp{—BFi($)}. (1.1

Inspired by the paradigmatic case W (¢) = %((}52 — 1), we refer to ig,¢ as the ¢i‘
measure, where the subscript one stands for the space dimension and the superscript
refers to the growth of W. In general, the probability g ¢ corresponds to the
Euclidean version of the quantum anharmonic oscillator and it has been extensively
analyzed since it exhibits an interesting behavior in a simple setting, see [38] and
references therein.

Our present purpose is to analyze the behavior of the probability g ¢ in the
joint limit 8, £ — oo. The relevant length scale is £ ~ exp{SCyw}, where Cy
is the surface tension in the Van der Waals theory. Indeed, for £ < £ the typical
behavior of the system is described by the pure phases ¢+ = =£1. In particular, due
to the symmetry of the boundary conditions, in this regime jg ¢ converges to the
convex combination of Dirac measures %8¢,_ + %8¢ - Arelevant question is then the
analysis of fluctuations. When ¢ grows sub-exponentially in B these are captured
by the Modica—Mortola functional. On the other hand, as discussed in [30], when ¢
grows exponentially, the additional entropy induced by the large system size in (1.1)
cannot be neglected, so that the probability of a profile with n interfaces is of the
order ¢"¢ "¢ We here complete this picture by showing that the probability
wp,¢, when suitably rescaled, satisfies a large deviation principle with a modified
rate functional that takes into account the additional entropic contribution.

Within the regime £ < £, we also refine the result of [30] by obtaining the sharp
asymptotics of the g ¢-probability of suitable neighborhoods of profiles with n
interfaces. Our approach leverages the fact that the finite-dimensional distributions
of the ¢>f measure can be expressed in terms of the semigroup generated by the
quantum anharmonic oscillator. It relies on precise semiclassical estimates of the
spectral properties of this operator (see the outline of proofs at the end of Section 2).
In particular, we derive the sharp asymptotic behavior of the characteristic length
scale £, which we relate to the spectral gap in the semiclassical limit, showing that
o B2 exp BCw.

By contrast, in the regime ¢ >> ¢, there is enough entropy so that the UB,e-
probability of having at least one interface does not vanish. Accordingly, we show
that the limiting location of the interfaces is distributed according to a Poisson
point process. We refer to [10,34] for the analogous statement in the context of
one-dimensional lattice models.

We remark that the sharp asymptotic analysis of the probability measure g ¢
presented here is a preliminary step for getting sharp estimates on the metastable
behavior, in the joint limit 8, £ — oo, of the stochastic Allen-Cahn equation,
whose unique stationary distribution is wg ¢. While for £ fixed and 8 — oo the
corresponding Eyring-Kramers formula has been proved in [2,3,9], the case of
diverging volume presents the typical features of sharp interface limits. We refer to



Arch. Rational Mech. Anal. (2025) 249:60 Page 3 of 48 60

[32] for a heuristic discussion and to [25] for the analogous problem in the context
of lattice models.

To observe the metastable behavior mentioned above, the functional F must
possess at least two local minima. This condition is ensured by our choice of
free boundary conditions, in contrast to Dobrushin boundary conditions—that is,
non-homogeneous Dirichlet boundary conditions fixed at +1—as considered, for
instance, in [5,30,40]. Under Dobrushin boundary conditions, the minimizer of
JF is unique in finite volume. However, in the infinite volume limit, 7 admits a
manifold M of minimizers of the form M = {m(- — z): z € R}, where m is the
heteroclinic orbit of the Euler-Lagrange equations connecting the equilibria £1
(for example, m(x) = tanh x in the paradigmatic case W (¢) = %(qﬁz — 3.

Accordingly, the measure g ¢ concentrates around the unique minimizer as
B — oo with fixed ¢, whereas different asymptotic behaviors emerge when ¢
diverges with §. In [40], it is shown that if £ ~ ¥ with y € (0, %), the measure
concentrates on the manifold of minimizers M of F, and as demonstrated in [30],
the distribution of the interface is uniform.

The situation changes at much smaller scales, as analyzed in [5], where it is
proven that there exists a critical threshold yw (with yy = }‘ in the paradigmatic
case) such that when ¢ = yw log B the measure has a non-trivial limit that retains
memory of the boundary conditions. In this regime, the limiting measure is not
translation invariant and describes a localized interface. Conversely, as shown in
[30], when log B < € < £, the probability of observing a transition layer from —1
to +1 within a given subinterval becomes independent of the location of the latter.

From a dynamical perspective, the presence or absence (depending on the choice
of £) of boundary effects is similarly observed in the stochastic Allen—Cahn equation
when analyzing the random motion of the interface separating the pure phases. In
this context, this corresponds to the emergence or lack of a nonlinear drift reflecting
a repulsive interaction with the boundary; see, for instance, [4,8,18].

Finally, we comment on the symmetry assumption of the double-well potential
W. Even when the two wells are of equal depth, introducing a slight asymmetry
can significantly alter the system’s behavior as the system size £ tends to infinity. In
this regime, the ¢‘1‘ measure may concentrate around one of the two wells. This phe-
nomenon is closely related to the behavior of the ground state of the corresponding
quantum anharmonic oscillator in the semiclassical limit, see [37]. From a dynam-
ical standpoint, such asymmetry manifests in the stochastic Allen-Cahn equation
as a drift in the random motion of the interface separating the pure phases, as dis-
cussed in [7]. On the other hand, it remains an open and intriguing question whether
the results presented in this paper persist when a small asymmetry—vanishing as
B — oo—is introduced into the potential.

2. Notation and Results

Given strictly positive sequences a,, b,, n € N, we use the standard asymptotic
notation a,, ~ b, when a, = b,(1 + r,,), with lim,, r, = 0. Given two sequences
an(x), by (x) depending on the parameter x € X, we say a,(-) ~ b, () uniformly in
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X when a,, (x) = b, (x)[1+7r,(x)], with lim,, sup, .y |7, (x)| = 0. For p € [1, 00),
8 > 0,and A C L?((0, 1)), the §-neighborhood of A is denoted by (95 (A).

For the sake of concreteness, we here stick to the case of the paradigmatic
quartic choice of the double well potential, namely,

1
W(p) := §(¢2 -1 2.1)

For the sake of readability, we however write the dependence on W of the relevant
constants in the general case of symmetric double well potential. As the arguments
in the proofs are based on the analysis of stochastic processes, we denote by ¢ the
space variable in [0, £] and by s the rescaled variable in [0, 1]. Correspondingly,
we denote by X the order parameter.

For ¢ > 0, we define the map 1,: (0, £) — (0, 1) as the dilation # — ¢/€ and
use the same notation for its lift to functions, that is, (1, X)(s) = X (£s), s € (0, 1).
We then define the rescaled free energy functional

1
Fo(X) i= Fo(i; (X)) = f ds [%Xz +¢ W(XS)] , (2.2)
0

that we regard as a lower semicontinuous functional on L”((0, 1)), p € [1, 00),
understanding that Fy(X) = +oo if X does not belong to H L0, 1)). By the
celebrated Modica—Mortola result [28], in the limit £ — oo the I'-limit of the
sequence (Fy)¢~o is the functional F: L?((0, 1)) — [0, +o0] defined by

F(X) =

[CW|S(X)| if X e BV((0, 1); {—1,1}) 2.3)

otherwise,

where, for X € BV ((0, 1)), the space of real-valued functions of bounded variation
on (0, 1), we have denoted by S(X) the jump set of X and by |S(X)] its cardinality,
see, for example, [1]. Finally, Cw is the surface tension in the van der Waals theory,
given by

1
Cw :=f dx /2W(x). 2.4)
-1

In particular, Cw = 4/3 for the choice (2.1) of the double well potential.

We next define precisely the ¢f measure on the interval (0, £) with inverse
temperature 8 and free boundary conditions, informally introduced in (1.1). Let DI%I
be the realization of the second derivative in L2((0, £)) with Neumann boundary
condition. For 8 € (0, oo) consider the trace class operator Cg ¢ = f _1(—D§, +
1)~! and denote by /L%’ , the Gaussian measure on C([O, E]) with mean zero and
covariance Cg .

Setting Wy (x) := %xz and W := W — Wo, the ¢f measure g ¢ is then defined
in terms of the Radon—Nykodym derivative with respect to u%’ . by

1 14 R _ g rtas .
dupe=——expl =B | dWOldub,. Zpe= M%,g(e B Jo de()).
Zp.t 0
(2.5)
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Our present purpose is to investigate the behavior of the probability g ¢ in the
joint limit B, £ — oo. Let £ be the typical length of the transition between the pure
phases. As we show in Theorem 4.6 below, it is given by

U=lp= \/_exp{,BCw} (2.6)
where
1 4 _ 77
Ay = 2v2 W(O)\/W”(l)exp{—/ 4y V) = V2W (I)W(x)}. @2.7)
N3 0 2W(x)

Since W has a quadratic minimum for x = 1, the function inside the integral in (2.7)
is regular. For the standard choice (2.1), Ay = 8./2/m. We refer, for example, to
[21, Eq. (4.5.22)] for an equivalent definition of the constant Ay .

As we soon discuss, the asymptotic behavior of wg ¢ is quite different in the
regimes £ < £ and £ > £.

Large Deviations in the Regime f < £ K ‘

In this situation, by the symmetry of the qb‘f measure with free boundary con-
ditions with respect to X +— —X, the probability 11g ¢ concentrates on the pure
phases 1. Our first result establishes the corresponding large deviation principle.
To this end, fix a sequence (£g)g~0 satisfying

lim B7'¢g =00 and lim B 'logls = & € [0, Cw). (2.8)
B—00 B—00

The first condition above is assumed for technical reasons and in fact the large
deviation statement should hold whenever £5 — o0.

Recalling that the map 1, is defined above (2.2), we shorthand 15 = 1, 5 and
introduce the rescaled qb‘f measure as

g =gy oty (2.9)

which we regard as a one-parameter family of probability measures on L?((0, 1)),
p € [1, 00). For £ fixed, by the representation (2.5), the Laplace—Varadhan lemma
implies that the family (u,,g,g) 0 satisfies a large deviations principle with speed
B and rate function F,. In view of the variational convergence of the sequence
of functionals (F¢), we then deduce that ug satisfies a large deviation principle
with speed $ and rate function F as in (2.3) when the limit £ — oo is taken after
the limit B — oo. We here show that this statement holds whenever £g grows
sub-exponentially in 8. On the other hand, as first discussed in [30], if £g grows
exponentially in 8, namely « > 0 in (2.8), then an entropic effect does modify the
rate function. More precisely, the modified rate function 7 : L?((0, 1)) — [0, +o0]
is given by
(Cw —)|S(X)| if X e BV((O, 1); {—1,1})

I1(X) = ’ 2.10
0 +00 otherwise. ( )

In view of (2.8) and the entropy in the location of the interfaces, this rate function

reflects the heuristic that the probability of n interfaces is roughly E%e_"ﬂ Cw,
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Theorem 2.1. Assume (2.8) and fix p € [1, 00). The family (y,,g)ﬁ>0 of probability
measures on LP((0, 1)) satisfies a large deviation principle with speed B and the

good rate function I in (2.10). Namely, I has compact level sets and for each closed
C C LP((0, 1)) and open O C L?((0, 1)),

1 1
lim —lo C) < —inf I(X), lim —lo 0) > — inf I(X).
Sm g gup(C) < Inf, (X) lim - g np(0) = Jnf (X)

B—o00

The choice of the free boundary conditions for the qbf measure is not particularly
relevant for the validity of the large deviation principle. The arguments used in
proof of Theorem 2.1 cover directly the case in which g ¢ is the restriction to the
interval [0, £] of the infinite volume ¢f measure. It is also possible to deduce the
large deviations for M”ﬁ:Z, the qb‘f measure with the Dirichlet boundary conditions
Xo =a, X¢ = b, a,b € R; in this case the rate function depends however on the
signs of a and b. We do not pursue this issue here.

Sharp Asymptotics in the Regime B < £ < £

The next result describes the sharp asymptotics of the wg probability of neigh-
borhoods of the family of profiles with n transitions between the pure phases. More
precisely, we show that this probability behaves as if the number of transitions
were a Poisson random variable with parameter £/£. To this end, we fix a sequence
(£g) >0 satisfying

lim g% =00 and lim == =0. (2.11)
B—00

The first requirement is technical and an arbitrary power law growth on £g should
suffice. On the other hand, when £g grows only logarithmically in 8 other phe-
nomena become relevant, we refer to the analysis in [5] for the case of Dobrushin
boundary conditions.

We start by introducing the family of profiles with n transitions. Forn = 0 we set

.....

be the profile with n jumps at times s, . . ., s, defined by

mEn =D on[ser, s k=1, 0+ 1, (2.12)

S1yeeesSy

where we understand that so = 0 and s, = 1. Let finally M,, be the manifold of
the profiles in BV ((0, 1); {—1, 1}) with n jumps, that is,

My=MFuM,, Mi= | 05", (2.13)

O<sp<--<sp<l

where we understand Mo = {m ™9, m—°}. We finally recall that (’)5 (B) denotes
the p-neighborhood of B C L”((0, 1)).
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Theorem 2.2. Assume (2.11), fix p € [1,00) and n > 0. Let also (p,g)p>0,
k = 1,2, be sequences satisfying limg (/B A ,Bl/l’)pk,ﬁ =00,k = 1,2, and
limg p1,5 = 0. Then, as B — oo,

1[(eg\"  (LgAwvB)" _

,Udﬁ((’)gm (M) \ Ogl'ﬁ (Mn—l)) ~ ;(i) = %e npCw_

In the above statement, for n = 0, it is understood that (951_ s (M—1) =. The
condition p1 g — 0 is required to allow enough entropy on the location of the
interfaces to pick the prefactor £”. The condition px g > B -2y B “Upr k=12,
is required to accommodate for the typical fluctuations of the probability rg in
LP((0, 1)), see Lemma 4.2 (ii).

As in the case of Theorem 2.1, the arguments used to deduce the sharp asymp-
totics cover directly the case in which g ¢ is the restriction to the interval [0, £]
of the infinite volume ¢>‘1‘ measure. In contrast, the analysis cannot be applied to

the probability /,L;’Z with Dirichlet boundary conditions, as the crucial ingredient
provided by Theorem 4.5 cannot be applied.

The Regime £ > {

To describe the asymptotic behavior of the ¢f measure in this regime, it will be
convenient to regard the probability g ¢ defined on the interval [—£/2, £/2] rather
than [0, £]. We further consider g ¢ as a probability on C(R) by understanding
X = X_g/z fort < —E/Z and X; = X[/z fort > £/2.

Fix a sequence (£g) g0 such that

g — L
lim = +00. 2.14)
B—00 ﬂ

We here consider the rescaled d)j‘ measure defined by
- -1
= o1 .
125} /'Lﬁ,fﬂ s

For p € [1, 00), we regard (f1g)g>0 as a sequence of probability measures on
Lﬁ)C(R). As we next state, this sequence converges weakly to some not trivial
probability measure. In order to describe the limiting probability, we consider the
continuous-time Markov chain with state space {—1, 1} and generator

= —1+1

L= (+1 —1> '
We denote by i the law of the stationary process associated to L, regarded as
a probability measure on Lf;c (R). Equivalently, given the family £ = (si)iez
satisfying sy < Si+1, k € Z, and limg_, +o0 sx = F00, let m% be the element of

L{ .(R) defined by

m% =+ Z(il)kl[Sk,XHD'
keZ
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Denoting by ™ the probability on Lf; - (R) concentrated on m§ when X is sampled
according to a Poisson point process on R with intensity one, then ;1 = % T+ % n.

Theorem 2.3. Assume (2.14) andfix p € [1, 00). As B — oo the sequence (jLg)g>0

of probability measures on LlpOC (R) converges weakly to [i.

In contrast to Theorem 2.2, the choice of free boundary condition for g ¢ is
not relevant for Theorem 2.3. The same limiting probability is obtained for any,
£-independent, choice of the boundary conditions or directly for the infinite volume
¢‘1‘ measure. We also note that in the critical case £g = ¢ > Theorem 2.3 still holds
with the following modifications. The probability (i is regarded as a probability
on LP((—1/2,1/2)) and [ is the marginal on the interval (—1/2, 1/2) of the
probability described above.

As can be easily checked, the statement of Theorem 2.3 does not hold in the
Skorohod topology. The convergence to the limiting measure [ is a generic feature
of bistable reversible diffusions in the small noise limit [27,31,33]. The choice of
the L? topology on the space of paths appears however novel. In the context of the
one-dimensional Kac-Ising model, the statement analogous to Theorem 2.3 has
been proven in [10], see also [34] for the one-dimensional nearest neighbors Ising
model.

Outline of Proofs and Organization of the Paper

As well known [38], the infinite volume ¢‘f measure is the law of the stationary
process associated to the one-dimensional reversible diffusion described by the
stochastic differential equation

1 ’
dX, = —g(‘og Vo) (X)dr + /B~ 1dw, (2.15)

where w is a standard Brownian motion on R and ¢ g is the ground state of the
. . . o 2
quantum anharmonic oscillator with Hamiltonian Hg = —ﬁdd? + BW. As we

detail below, also the finite volume qu‘ measure with free boundary conditions can
be represented in terms of the solutions to (2.15).

The present analysis is based upon sharp estimates for the metastable behavior
of the solution to (2.15) in the small noise limit, which are the content of Section 4.
As first exploited in [24], these estimates are related to the sharp semiclassical
analysis of the Schrodinger operator Hg, here developed in Section 3, by applying
the ground state transformation. In particular, as § — oo, the typical length 67,5
can be characterized as twice the inverse of the spectral gap of Hg. In contrast
to the semiclassical analysis in the standard setting of reversible diffusions, see,
for example, [14,15] and references therein, here the potential in the Schrédinger
operator does not depend on 8, while the drift —8~! (log v, g) depends on the
semiclassical parameter and exhibits a discontinuity at the saddle point in the limit
B — oo.

The proof of Theorem 2.1, given in Section 5, will be achieved by combining
the large deviation asymptotics of the solution to (2.15) over a fixed time window
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with the behavior of the discrete time Markov chain that is defined by sampling X at
the transition times between the pure phases. In this respect, some of the arguments
are similar to those used in [17, Chapter 4].

Theorems 2.2 and 2.3 are proved in Section 6 and 7, respectively. For both of
them the sharp asymptotics, that includes the prefactor of the transition time for the
diffusion (2.15), is relevant. More precisely, Theorem 2.3 essentially follows from
the convergence in law of the suitably rescaled transition time to an exponential
random variable. For Theorem 2.2, it will be instead relevant to deduce the asymp-
totic probability of having n transitions between the pure phases in the time interval
[0, £]. As stated above, the latter point will be derived from the sharp semiclassical
analysis of the quantum anharmonic oscillator with potential W given in Section 3.
This includes, as a novel point, a uniform control on the difference between the
first two eigenfunctions in terms of the spectral gap, see Theorem 3.6.

3. Sharp Semiclassical Analysis of the Anharmonic Oscillator

Within this section, we denote by L? = L”(R), p € [1,00] and H' = H'(R)
the standard Lebesgue and Sobolev spaces on R. The inner product in L? is denoted

Let H = Hpg be the selfadjoint Schrodinger operator on L? which on its core
C2(R) is given by

i 1 d?
b= 728 dx2

Since W has compact level sets, Hg has purely discrete spectrum. We denote by
Ey = Ey g,k € Z,, the corresponding eigenvalues enumerated in increasing order
and by Y, = VY g, k € Z4, a corresponding orthonormal basis of eigenfunctions.
By the symmetry of W, ¥ (x) = (= DXy (—x). In the sequel, we choose the
ground state v to be positive and v; to be positive on R .

We set

+ BW. 3.1

1
Up = 3 log 0.5 (3.2)

and observe that, as follows from a direct computation, it satisfies the Riccati

equation

1 /N2 1 " 1
E(Uﬂ) _ﬁUﬂ :W_EEO’/B. 3.3)

‘We further define
U(x) =min”/ldym‘, /] dy\/m

which represents the Agmon distance of x from the two wells —1 and 1. In par-
ticular, recalling (2.4), Cw = 2U(0). For the special choice of the double-well
potential (2.1), U(x) = %|1 — |x[?|(2 + |x|). As we shall see in Proposition 3.1
below, Ug — U as B — oo. Note that Ug, being solution of the elliptic equa-
tion (3.3) is smooth, while U exhibits a corner singularity (at x = 0). This is not

} , (34)
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surprising as it is the viscosity solution to the eikonal equation |U’| = +/2W with
boundary_ condition U(—1) = U(1) = 0.

Let Ex := (k + %)«/W”(:I:l) = 2k + 1, k € Z, be the eigenvalues of
the harmonic oscillators centered in £1 defined by the Hamiltonians —ﬁ% +

Bw"(£1)(x F 1)? and denote by

- 1/4 1 2
gi(x) = (ﬂn 1,/W”(i1)) exp{ — SBYWIED (¥ 1) }
the corresponding ground states. Finally, we introduce the functions

L SO SR S I
gO_ Z()’ﬂ ﬁ g+ g— ’ gl - Z]’ﬂ ﬁ g+ g— k]

where Z; g is chosen so that |gill;2 = 1, kK = 0, 1. Note that gy and g; are
respectively even and odd. Furthermore, Z; g ~ 1,k =0, 1.

In the next statement we summarize the properties of Hg that are relevant for
the present analysis. Recall that the constant Aw has been introduced in (2.7).

Proposition 3.1.

(i) For eachk € 7,

lim Eyp = E:k/z =k+1 l:fk l:s even,
P Ex—np =k ifkisodd.

(ii) As B — oo,
El,ﬂ — E(),/g ~ AW\/ieiﬂCW.

(iii) Uniformly on compact sets, Ug — U as B — o.
(iv) There exist R,y € (0, 00) such that, for any § > 1 and |x| > R,

W) <e” P k=0, 1.
(v) There exists C € (0, 00) such that, for any B > 1,
e —gll3. <CB™'. v — gkl <C.  k=0,1.

We refer to [11,22,35] for the proof of item (i), to [19-21] for (ii), to [36] for
(iii) and (iv). For completeness, the proof of (v) will be detailed after a preliminary
lemma.

For R > 0 we denote by HR = H g the selfadjoint Schrodinger operator
—ﬁ% + BW on L?((—R, R)) with Dirichlet boundary conditions at the end-
points. We understand H® = H when R = oo. We denote by Ef = E§ ;4 the

bottom of the spectrum of H*¥ and, for ¢ > E(lf , by 1{c.00) (HR) the spectral pro-
jector associated to H R on the interval [¢, 00).

Lemma 3.2. Fix R € (0, co].
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(i)Let 0 < E < E§ < c and f be in the form domain of HR. Then, for any
B >0,

1
e,000(H™) Fll 72 g ryy < — ||(HR—E> 2 fl 32k Ry

(ii) Let 0 < E < c and f be in the domain ofHR. Then, for any B > 0,

e,y (H®) £ oo k.Y

1 2B8E +1
< 2
_c—E('B+ —E

) ”(HR E)f”LZ(( R.R))"

Proof. The first statement follows directly from the spectral theorem and the Che-
byshev inequality. To prove (ii), let g = 1[¢ 00) (H R) f and denote by (P3) >0 the
projection-valued measure associated to H R Since W > 0,

2
181331 .

< Zﬂ/ dx [—(8) + (BW — E)g :| + QBE + 1)”8”%2((_R’R))

o0
_ 28 / (A — E)A(g. Prg) 2 ry + QBE + 1) / d(g. Peg) 2o
C C

2 p ) 2BE + 1
=< E”(H —E)eli2—rory T C—E2

2B 2BE + 1
= gt - E)f||L2((RR))+( 57

The conclusion follows by the Sobolev embedding. O

ICHR = EYel T2 g )

ICHR = B) FlI72 goxyy-

Proof of Proposition 3.1 (v). Fixk = 1,2 and set Ry = gr — (gk, ¥k )y Observe
that by symmetry Ry is orthogonal to both vy and 1. Further, since (g, ¥%) > 0,

(8, Yi)> — 1 >
|<gk,wk>—1|=’— < IRell?>.
(8. ) + 1 L2
Hence
gk — Villz2 < IRkl 2 + I Rell3,
and

lgk = Vel < IRl 2 1kl + [ Rell oo (3.5)

To prove the first bound we apply Lemma 3.2 (i) with R = o0, E = Eg =1,
f =gkand c € (Ep, Ey) so that Ry = 1{¢ 00y (H)gk. We deduce

2
1Rkl < =
2=

By a direct computation,

— 1 _ 2
I(H — E0)2g+ll7, = ((H — Eo)g+, g+)2 = B / dr (3 £ 2x3),/;ﬂe_2ﬂx2.
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It follows that there is a constant C independent of 8 such that || (H — Eg) > gl %2 <
C/B, which concludes the proof of the first bound.

To prove the second bound we apply Lemma 3.2 (ii) again with R = oo,
E=Ey=1, f=grandc € (Eo, E1). We deduce

2BE
(2/3 ikl )n(H Eo)gills.
0 E

¢— Lo

2
[ Rillzoo <

By a direct computation,

_ 2
I(H — Eo)gel?, = B f dx (bt 2 22%) [P 20
T

It follows that there is a constant C independent of 8 such that ||(H — Eo) gk ||i2 <

C/B. Further, by the Sobolev embedding and Proposition 3.1 (i), || ¥ ||z< < C/B.
We conclude recalling (3.5). O

The estimates stated below are readily deduced from Proposition 3.1 (iv) and
the first bound in Proposition 3.1 (v).

Corollary 3.3. Let 1L be neighborhoods of £1 such that F1 does not belong to the
closure of 1. Then, fork =0, 1, as B — oo,

-\ 1A NG
f1+dx1/fkﬂ(x> (2/3> , /Idxwkﬂ(mw b (/3) . (3:6)

1
i/ dx Yo g (X) Yk, p(x) ~ ok (3.7)
I

Moreover,

1/4
/dx 1ﬁ0ﬁ(x)N2(7;) , /Rdx Y1,5(x) =0. (3.8)

The semigroup (e~/(#~£0)) _ “admits a smooth kernel g (x, y) = Ly,
t > 0, x,y € R, that can be represented as

gi(x,y) =Y e "By )y (y). (3.9)

k=0

Given £ and T € [0, £/2), let p” = g , be the probability measure on R? with
density o7 = Q'g ¢ given by

1
o' (x,y) = Z /da dbgr(a, x)ge—or(x, y)gr(y,b), Z¢= /da dbge(a,b).
(3.10)
When T = 0 we write p for p! and ¢ for o7 so that o(x, y) = Z[lgg(x, v). As
discussed in [38], @T is the law of (X7, X,—7) when X is sampled according to
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wg,e. As we next prove, when T > B the probability e is well approximated by
the probability 7 whose density p! = é,?, ¢ 1s given by

o7 (x,y) = Yo(x)ge—ar (x, Y)Yo(¥). (3.11)

Note that the probability (7 is the marginal at the times 7 and £ — T of the law of
the infinite volume q&f measure.
Letalso w” = 74 be the probability on R with density ¢” = ¢ given by

1
V0(0)

which is the marginal at time 7 of the qbf measure on the half-line [0, co) with
boundary condition X = 0. As we next prove, when 7 > f the probability 77
is well approximated by the probability 7 = 7z with density 1/;3, that is the single
time marginal of the infinite volume ¢? measure.

In the next statement we denote by || - ||Tv the total variation norm on the space
of finite signed measures.

q"(x) = g7 (0, )P (x), (3.12)

Proposition 3.4. (i) There exists £y > 0 such that if limg £g > Lo then the se-
quence of probability measures (§p,0,) =0 is exponentially tight as  — 0.

Namely, there exists a sequence of compacts Kr CC R? such that

— 1
li lim —1 K$%) = —o0.
dim_Jim 5 102 95,0, (K = —o0

(ii) Assume that Tg satisfies limg ﬂ_lTﬁ = oo and £g be such that g > 2Tg + 1.
Then

. 1 Tp _Tp
5ll)moo ’E log ||6Oﬁ,z/3 - 59,3,(3/3 lrv = —o0.
(iii) Assume that Tg satisfies limg B! Tg = 00. Then
o1 Ty
ﬁll>moo Elog g — mpllTy = —o0.

We remark that the exponential tightness in (i) actually holds for any €9 > 0
but we refrain from proving this stronger statement as it is not needed in the present
analysis. We also emphasize that the super-exponential bounds (ii) and (iii) depend
on the invariance of the boundary conditions with respect to the map X +— —X.

We present the following lemma based on the Golden—Thompson inequality
[38, Theorem 9.2]:

Lemma 3.5. There exists a constant C such that, for any T > 1 and B large
enough,

oo

D e TEE (14 gl ) = ce

k=2
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Proof. By the Golden—Thompson inequality, for each A > 0,

Ze—“fk <P / dx dpe MGPHWE) < (3.13)
k=0
for a suitable constant C = C(X). On the other hand, for a suitable constant C,
whose numerical value may change from line to line,

oo

—T(Ex—Eo) 2 _ - —T(Ex—Eo) 1L+ W(x) )2
k;e Iel2, —k;e (/Rdx e

M2

IA

c e—T(Ek—Eo)/dx[l + W] ¥ ()]
R

~
[|
S}

o0
e—T(Ek—Eo)(l + ’3—1Ek) < CZC—(T—ﬁ*I)Ek-‘rTEO
k=2

WK

IA

C

=~
[\S}

oo
< CePreT(E2=Eo) Ze—(l—ﬂ_l)Ek.
k=2

The statement follows then from (3.13) and Proposition 3.1 (i). |

Proof of Proposition 3.4. Proof of (i). By (3.9) and (3.8),
.1 1 )
lim —logZy, > lim —log||¥oll;: = 0.

It is therefore enough to show that

1
lim lim —log/ dxdy ggﬁ(x,y) = —00. (3.14)
B KS

R—00 f—00

We claim that there exists a constant C such that, for every Borel subset A C R?2
and g > 1,

3/4
/A dxdyge,g(x,wsc( /A dxdy[wo<x)wo<y>]2/3) N GAT)

This claim, together with Proposition 3.1 (iv) yields (3.14). In order to prove (3.15)
we use that the semigroup ( —!Hp 1~ 18 intrinsically hypercontractive, uniformly
in 8. More precisely, by [12, Theorem 6.5], there exist T, C € (0, 0o) such that,
forany g > 1,

TL
le” ™ fllLacyy = CNS L2y

where Lg = —%(ng — Ep)¥p. In particular,

H Yk

< Cel (Ex—Eo)

s

L4(JT/3)
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This last estimate, together with Holder inequality, yields

[ drdyan o) = Dge B facdy ML MO e )

3/4
< C? thio e—(tp—2T)(Ex—Eo) < /Adx dy [wo(x)wo(y)]z/?’) )

Choosing £p > 2T, the conclusion follows from the Golden—Thompson inequal-
ity (3.13) and Proposition 3.1 (i).

For the proof of (ii) and (iii) we first observe that, in view of (3.9), (3.8), and
Lemma 3.5, the normalization in (3.10) satisfies

1 2
Jim 2 log|Zy, — Ipollz| = —oo (3.16)

whenever limg ,3_15,3 = 00
Proof of (ii). Set

Er,(x,y) = /dea db g7, (a, )1, (v, b) — [Yol2, Yo Yo(y),  (3.17)
so that

Zoy0" (x, ) = ol 6™ (x. ) + E1, (x. Y)gey—215 (x, ¥).
By (3.9) and (3.8) we have

E, (e, )| < CBTYAY " e TBEEO 1 (19 (0) [Y0.(») + [ (3) Y0 (1))

k=2

+ Y e TREFERED) Ly |l N [ GO ().

kj=2

Arguing as in the proof of Lemma 3.5, |||, < C{/1 + BE} so that, by Propo-
sition 3.1 (i), after elementary computations, we deduce that there exists a constant
C such that for every x, y € R? and g large enough,

E7,(x. y)| < Ce™ > " e B (Y ()10 () + Y o(x))

k=2

1 Ce2Tp Z e—(Ex+Ej) [k ()1 ()] (3.18)

k,j=2

By Lemma 3.5 and the Cauchy—Schwarz inequality we conclude that

. 1
lim Elog /dx dy [E14(x, Y)8eg—214 (x, y) = —00,

p—o00

which, together with (3.8) and (3.16) implies the statement.



60 Page 16 of 48 Arch. Rational Mech. Anal. (2025) 249:60

Proof of (iii). Since ¥1(0) = 0, from (3.9) we deduce

T L 1 & rmek
B BITV 21#0(0)]; k kit
R -~
~Tg(Ex—Eo) 2 2
<1 e Th YO + [9ll3,).
1900 2 (v el

Using Proposition 3.1 (iii) and Lemma 3.5, to conclude the proof of the statement
it is enough to show

] oo
lim —log Y e #FE0 |y, (0)* = —o0. 3.19
Jim_2 gkg [¥4(0)] (3.19)

To this end, observe that, by Sobolev embedding and (3.1), there exists a constant
C < oo such that for every k

el < Cllvll%, < C(1 +2BEp) (3.20)
and (3.19) follows by arguing as in the proof of Lemma 3.5. O

The last statement of this section provides a global control on |1 | — Yo in terms
of the spectral gap E| — Ey. This appears to be a novel point in the semiclassical
analysis of Hg and it is the crucial ingredient for obtaining the sharp asymptotics
in Theorem 2.2.

Theorem 3.6. There exists C € (0, 00) such that for every > 1
3
SHPO Yo () [Yo(x) — Y1(x)| < CB2(E| — Ey).
x>

Proof. The proof is based on the construction of a test function f; which provides
a good global approximation to ;. To this end, let ¥ € C°°(R) be such that
0<yx <1, x(x) =1on (—o0,—-2], and x(x) = 0 on [—1, +00). Further,
for § € (0, %), set x(x) = xs(x) = ¥ '(x] — 1)). Note that x5 = 1 on
[—1 4268, 1 —26] and x5 = O on the complement of [—1 + §, 1 — §]. Define

_ oo _ (/‘ X () )1
0(x) := dy 2222 — kg = dy 222 .
0 K/o iy T o

In particular 6(x) = 1 for x > 1. Set finally

1
1 2
f1:= 591#(), Z=17Zg:= </dx sz(%) .
Note that f; is antisymmetric and normalized in L. Further, by Proposition 3.1
(@iv), for every a € (0, 1],

1 () ¢ 1 .1
— ~/ dy — ~/ dy — and lim —logxk = —-Cw. (3.21)
K 0 Yy (») 0 Yo (y) B—oo B
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Step 1. There exists a constant C such that, for every g > 1,

|Z =11 < Ck and sup Yo(x)|Po(x) — fi(x)| < Cy/Bk.

x>0

Since Ey — 1 and v satisfies ﬁlﬂg — BWig = —Epyo we deduce that
there exists a constant ¢ > 0 depending only on W such that y;(x) > 0 for

x € [0,1 — cﬂ_%] and B large enough. Hence, choosing § = dg = Cﬂ_%, for

x € [0, 1], 1
x () K
0<1—06 — d < . 3.22
=1-00 K/x O ) 6:22)

Therefore,
1
0<1-2>= 2/ dx [1 = 6%()]Yg(x) < 4,
0

which proves the first claim. To prove the second, we write

Yo () |Yo(x) — fL(x)] < PG — ()| + gl —Z27'.

We then conclude by using (3.22), Proposition 3.1 (v), and the bound on |Z — 1].
Step 2. There exists a constant C > 0 such that for any f large enough

/ dx fi(Hs — Eo)fi ~ B~ and / dx [(Hp — Eo) il < CB~2%
R R

To prove the first claim, note that by the ground state transformation,

K2l g2
ffl(Hﬂ_EO)fldx_zﬂ/ ' Wo ﬂ22/ Wz ~ Bk,

where we used the first statement in (3.21) and, as follows from Step 1, Z ~ 1. For
the second claim, again by the ground state transformation,

- fi ) K? Ix')?
Adﬂ(ﬂﬂ — Eo) f1] —/Rdx B2 [1/’0(%)} ‘ Vo= 22287 fRdx v

By the definition of xs, the choice of § = cﬁ’%, and the monotonicity of iy on the
interval [0, 1 — 8], we deduce that there exists a constant C > 0 such that, for any
B large enough,

c K2 1 <CK2
2By —sp) — B

/dx |(Hg — Eo) fil* <
R

where we used the second bound in Proposition 3.1 (v) and Z ~ 1 as proven in
Step 1.
Step 3. As B — oo, B(E| — Ep) ~ k.

In view of the orthogonality (f1, ¥9) = 0 and the first statement of Step 2,
the upper bound follows from the Riesz variational principle. The lower bound
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follows from Step 2, E2 — Eg — 2, as stated in Proposition 3.1 (i), and the Temple
inequality, see for example [19] or [16, Prop. 5.1].
Conclusion. We write

Yo () [ Y1 (x) — Yo(0)] < Yo(x)[Yox) — fi(x)] + vo(x) | (x) — f1(x)].

The first term on the right hand side is bounded by using Steps 1 and 3. By
Lemma 3.2 (ii) with R = oo, E = Eg, ¢ € (Ep, E1), and Steps 2-3,

I fi = (f1, ¥1) V1l < CV/B(Er — Ey),

for a suitable constant C. Furthermore, since ( f1, ¥1) > 0, Lemma 3.2 (i) with
R, E, c as before, and again Steps 2-3 imply

[(frvn) = 1 < 1(fvn)? = 1 < A = (A vl < C(Er — Eo).

We conclude the proof by using Proposition 3.1 (v) to bound |||« for k =0, 1.
O

4. Small Noise Analysis of the Diffusion Process

The present analysis of the ¢f measure is based on a representation of the
probability (g ¢ in terms of the diffusion (2.15) that we here describe. Given £ > 0

and x, y € R, denote by Pfjf the law of the solution to (2.15) starting at time # = 0

from x conditioned to X, = y. The probability Pfjﬁ can be identified with the
¢>‘f measure on [0, £] with boundary conditions Xo = x and X; = y. Since the
marginal distribution of ug ¢ at the endpoints is the probability gg ¢ with density
given in (3.10) with T = 0, we obtain the following representation

pp.e(dX) = ppo(dXodX) PR’y (dX). @.1)

Given x € R we denote by IP’,'? the law of the solution to (2.15) with initial
condition x, that we regard as a probability on C ([0, c0)). By using the result on
the semiclassical analysis of the anharmonic oscillator deduced in Section 3, in this
section we derive the asymptotic behavior of this probability in the limit 8 — oo.In
the next sections, we will then achieve the proofs of the main results by exploiting
the representation (4.1).

A peculiar feature of the diffusion (2.15) is that, according to Proposition 3.1
(iii), the potential Ug in (3.2) exhibits a corner at the local maximum x = 0 in the
limit 8 — oo. This will be an important feature in the analysis of its metastable
behavior, implying in particular that in the transition between the pure phases %1
essentially no time is spent in a neighborhood of zero.

We first show that with probability super-exponentially close to one the solution
to (2.15) is bounded on exponentially large intervals.

Lemma 4.1. Let (£4) g~ be such thatlimg B~ log g < oo. Then for each L > 0

— 1
lim lim sup —log]P’f( sup | X;| > R) = —00. 4.2)

R—00 f—00 |y|<L 1€[0,£4]
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Proof. By monotonicity we can assume limg ,3_1£,3 = 00. For R > 0 let tg be
the hitting time of (—R, R)°. We observe that u(¢, x) := ]P’)’?(IR > t) solves

du = 5503 S d2u — Up(x)dxu, on (0,00) x (=R, R),
u(,x) =1, x>0,
u(t,=R) =0, t > 0.

2
28 dx2 -
U, 3 (x) 3, With zero Dirichlet boundary condition in x = +R. Here, we under-

Let now LR = L% 8 be the selfadjoint realization on L?((=R, R), 78) of

stand that 7g is the sub-probability on (—R, R) given by ‘po dx. Analogously, we
let HR = H R be the selfadjoint realization on L2(( R, R)) of the Schrodinger

operator —ﬁ@ + BW with zero Dirichlet boundary condition in x = =£R.

Let also (E 15)1(20 be the eigenvalues of H® and let (W}f)kzo be a correspond-

ing orthonormal basis of eigenfunctions. By the ground state transformation, L® =
—%(HR — Eo) o, so that

o0

u(t,x) = Z ~1(EF=Eo) (), &) 2R Ry YR ().

=0

Hence, by the antisymmetry of wIR,

Pfj( sup | X;| > R) =1—u(ly,x)
ze[ozﬂ]

= —( ) (1/10()5) ﬁﬂ(ngEo)w,o’ ‘/f(l)?)U((—R,R))Wée(X))

1/fo(x) Zeieﬁ(Ek “ o, vl )L2(— RR))’»”/C (x).

By Proposition 3.1 (iii) and (3.4), for each L > 0,

1 1
lim sup — log = max U(x) < oo.

B xi<L B 1/f0(X) lxl<L

The proof is thus completed provided we show that, for each L > 0,

1
lim lim EIOg(EO Ep) = —o0, 4.3)

R—o00 B—00

lim lim sup Elog [Y0(x) — (Yo, V) 2R rp Y ()| = —00,  (4.4)

R—00 =00 |y|<L

lim sup —logZe Lo (EL—E0) |y R ()| = —o0 (4.5)

B—o00 Ix|< =2
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To prove (4.3), let xg € C((—R, R); [0, 1]) be symmetric and such that
xr(x) = 1for |x| < R —1and |xg(x)| <2.Observe that

1
(xrV0, (H® — Eo)xr0) = T /dx xR I3

The claim then follows from Proposition 3.1 (iv) and the variational characterization
of the bottom of the spectrum.

In order to prove (4.4), we set f® = yoxr with xg as above. Choosing ¢ €
(EE, EX) and using the antisymmetry of ¢/,

g% = Nieoo) H) R = [~ (FF U0 ) 2 rrp VG-
‘We then have, for R large enough,

sup [Yo(x) — (Yo, ¥ 12¢r.ry ¥ ()]

[x|<L

= sup | fR) — (Yo, V) L2k ry ¥ ()]
[x|<L

< sup g8+ [(Wolxr — D W) 12k ryy| SUp ¥ (x)
[x|<R [x|<R

o0

< sup [gR)l + 20y I3 / dx o (x).

Ix|<R 0 THy(=R.R) [y
Observing that ||I/f§||§_](}((_R’R)) <2BER+1andusing that Ef — Egasp — oo,

the second term is super-exponentially small in view of Proposition 3.1 (iv). To
bound the first term we observe that Ef — E; and apply Lemma 3.2 (ii) with
E = Epand ¢ € (Ep, E1). We deduce that there exists a constant C such that for
any B large enough

sup |g®(0)I* < CBIH" = Eo) f¥ 172 _p.py-

[x|<R

The norm on the right hand side reads
R Ry 2
”(H - Eo)f ”Lz((—R,R))

R 1 2
= / dx |:— — (xr¥0)" + (BW — Eo)XRllfo:|
_R 28

= [ (v i)

¢ : 11N\2 .2 K IN2 01 N2
= _2</ dx(xg)"¥g +/ dx (xz)"(¥g) )
,3 —R —R

The first term in the right-hand side is directly estimated by using Proposition 3.1
(iv). For the second one, we integrate by parts, obtaining
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R 2 2 K 2 2
[ axairwsr =- [ a [((x;a VU0 + () 1//6’100}
—R —R

R 1
= / Rdx|:§((x}g)2)”1/f§ - (X}q)zlﬂé’l/fo]-

We conclude by using —ﬁgﬁé’ + BWrg = Egyg and again Proposition 3.1 (iv).
To prove (4.5), we first observe that by the Sobolev embedding

sup Y8 (01F < sup |[vf ) < I1WEI15, < (1+28(EE — Ev)),

[x|<L [x|<R
so that
s R s R R
sup Ze—zﬁ(Ek _E°)|W1§(X)| < Ze—zlg(Ek —Eo)+2B(Ef ~Eo)
WI=L o k=2

Recalling we have assumed limg g —le g = 00, by Weyl’s Theorem [23], the min-
max principle, E ,f > E}, and Proposition 3.1 (iii) we conclude by arguing as in
the proof of Lemma 3.5. O

We next show that, with IP’f probability super-exponentially close to one, the
time average of ¢+ — W(X,) is arbitrarily small. For the analysis of the sharp
asymptotics, we need a quantitative statement that requires condition (2.11).

Lemma 4.2. (i) Fix § > 0 and a sequence (£g) g~ such that limg £g = oo. Then,
forany L > 0,

1 1 [t
lim — sup log]P’f (—/ dr W(X;) > 8) = —o0.
p—o0 B ixi<L s Jo
(ii) Fix y > Ey=1landa sequence (£g) g0 such that limg ﬂ_zﬂﬂ = o0. Then,
forany L > 0,

1 1[4
lim — sup log]P’f (—/ dr W(X;) > Z) = —00.
tg Jo B

B=oo b x|<L

Proof. Recalling the definition (3.2) of Ug, by It6’s formula,

! ’ 2 1 " B
Ug(X,) — Up(x) +/0 dr (Uﬁ(X,) 3 ﬁ(xr)) =M, (46

where (M,‘3 )¢>0 1S a continuous lP’f -martingale with quadratic variation

1 ! ,
=5 [ a2

We claim that there exists C € (0, co) and for any L > 0 a constant C, such that
for any B large enough

1 1
_U//<_
)

/N2
2B Ug)”+C, Ug = —C, ma<)z Ug(x) < Cr.

lx|<
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Indeed, the first bound follows directly from Proposition 3.1 (i), Riccati’s equa-
tion (3.3), and the positivity of W. The second one follows from items (iii) and (iv)
in Proposition 3.1 and the last statement again from Proposition 3.1 (iii).

Equation (4.6) thus implies that for each x € [—-L, L] with IP’E probability one
we have

B, s B

E(M <My +C@t+1)+Cp, 1>0.
By using the generalization of the well known Bernstein inequality given in [29,
Lemma 2], we deduce that, for any 1, £ > 0,

2
4
sup IP’f( sup M,ﬂ > nﬁ) < exp{ — b 1 } 4.7
Ix|<L 1€[0,£] 4n+C) +4(C+ Cp)t~

We next observe that by (3.3) and (4.6)

/ZdtWX —fedr(ly/x 2 Lyrxy v Le )
A (t)—o zﬂ(l‘) ﬁﬂ(z‘) g Eos

1 1
<M} — (Up(Xy) = Up(x)) + 5E0s = MPlrctco+ 5ot
Recalling that by Proposition 3.1 (i) Eg g — Ey, the proof of both statements is
achieved by combining the previous displayed bound with (4.7). O
The next statement will be used in the proof of the lower bound in Theorem 2.1.

Lemma 4.3. Fix § € (0, 1) and set 1(3i = (1 — 8, &1 + 8). There exists y > 0
such that

lim PE(X, € I7) = 1 uniformly fory € I andt € [yp. £g).
B—o00

Proof. Using the antisymmetry of y; g we have,

PP (X, € I}})
1
Vo,8(y)

_ _ [Yr1,8(0)]
— dx 2 t(Evp—Eop)
/1; Vop() e Vo5

X /Iidx Yo,8(0) 1, (x)] + Rg(y, 1),
§

/Iidx g(x, y; o pg(x)
8

where

Rg(y,t) = 3 *t(Ek,ﬁ*Eo_;;)wk,ﬁ()’) d
o ge Yop0) Jyp V0RO VEAE)
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and

Vsl _ L Vo0 (V101 = Yo,s0))
Y0.5(y) Vo) '

By Theorem 3.6 and Proposition 3.1 (iii),

Yo,6(0 Y160 — Yo,5())
1/f§,,3(y)

< CB(Evp — Eop)exp |28 max Uy .
Y€l

sup

yelsi

which vanishes as  — oco. Moreover, by Proposition 3.1 (ii), e~/ (1.6~ Fop) — |
fort < {g as B — oo and, by (3.7),

1

. 2_ 4 _

ﬂlgrolo/[fdx Yo,5(x) —ﬂll)lgoflfdx Yo, 1, p(x)| = 5

Finally, in view of Proposition 3.1 (iii) and (3.20), arguing as in Lemma 3.5,

o
max [Rg(y, D < Ce“F Y (1 4 BEy g)e™ Fhs—Fon)
yely k=2

= Cexp {2/3 ma]-):é U(y)]ef(t*ﬁ)(Ez,ﬁfEOMg)7
vel;

which vanishes provided y is large enough. O

ForT > Olet IP’E T be the marginal of IP’f on C ([0, T']).In view of the singularity
of the potential in the limit 8 — oo, the diffusion (2.15) does not fit in the standard
Freidlin-Wentzell scheme [17]. Nonetheless, as we next prove, IP’)/? T satisfies a large
deviation principle with rate function I3 : C([0, T']) — [0, oo] given by

| , .
1500 = 5/0 dt [X7 + U'(X)?*] + U(X7) — U(Xo) if X € H!([0,T]),

+00 otherwise,
(4.8)
where

T
H(0, T :=[XeC([0,T]): / dr X2 < oo, onx}
0

and U has been defined in (3.4). We emphasize that I3 is well defined because
o’ )2 is continuous. Note also that, informally, 1% is equal to the standard, but

ill-defined, Friedlin-Wentzell rate function (1/2) [ dt [X, — U'(X)]’.

Proposition 4.4. Fix T > 0. The sequence (Pf*T)ﬁ>0 satisfies, uniformly for x
in compact sets, a large deviation principle with speed B and rate function I7.
Namely, for each x € R, each sequence xg — x, each closed C C C([0, T]), and
each open O C C([0, T)),

— 1 1
0 - ﬁ’T o X . - ﬁ’T o X
ﬁlgléoﬂ logIP’xﬁ ©) < )l(IéfC I7(X), lim 5 log]P’x‘3 0) > ;Ielg I (X).

B—00
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Proof. Let ]P’g’ﬂ’T be the law of x + 8~/ w on C([0, T']). By the Schilder theorem

the sequence (IP’E”3 ’ T) g0 satisfies, uniformly for x in compact sets, a large deviation
principle with speed B and rate function

[ T 1
FEK) = 5/0 dr X2 if X € H! ([0, TY),

+00 otherwise.

LetL =Lg = ﬁ%—U&% be the generator of (2.15) and denote by p{} (x,y),
t > 0, x,y € R, the kernel of the semigroup generated by L. Recalling that
gf} (x, y) is the kernel of the semigroup generated by —(Hg — E, g), the ground state
transformation yields p{g (x,y) = wo,ﬁ(x)_lgf (x, y)¥0,(y). By the Feynman-

Kac representation for the kernel gf (x, y) we deduce

BT
dr?

— X —exp{— BOLL, (4.9)
dpO AT { ﬁ}

in which

T
1
@500 = [an W = 2 Eop]+ Uprn — Vst
By items (i) and (iii) in Proposition 3.1, CI>’/§ converges uniformly on compact subsets
of C([0, T]) to

T
O*(X) :=/ dtW(X) +UX7) = U(x)
0

T

=5 [avr s uen - v,
0

uniformly for x in compact subsets of R.

The proof is now completed by applying the corollary of the Laplace—Varadhan
principle stated in [13, Ex. 4.3.11]. Observe indeed that the latter can be general-
ized to the present setting in which Cbg depends on S, but converges uniformly in
compacts. It remains to show the tail condition [13, 4.3.2], that in view of (4.9) can
be restated as

. - 1 B.T
lim lim sup Elog}P’x’ (||X||oo > R) =—o00, L>0, (4.10)

R—o0 f—00 Ix|<L
and therefore follows directly from Lemma 4.1. O

The next statement provides the sharp asymptotics of the hitting time of zero
for the stationary process associated to (2.15). It is the key ingredient to derive
the sharp asymptotics of the ¢‘1‘ measure described in Theorem 2.2. Recall that

mg(dx) = wgdx is the invariant measure of the diffusion (2.15). We denote by Pgﬁ
the law of the corresponding stationary process.
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Theorem 4.5. Let T be the hitting time of zero and (Ty g) g0, k = 0, 1, be sequences
such that limg ,3_3/2T0,,3 = 00 and limg ZEITl,ﬁ = 0. Then, uniformly for t €
[To,5, T1 ],

2t
]P’fi/3 (t <t)~ 7= tAwy/Be POV,
B

Proof. By symmetry,
o0
]P’fiﬂ(r <=1 —2/ dx Y ()u(t, x),
0

where u(t, x) := IP’,’? (t > t) solves

du = ﬁa,%u — Ujdyu, on (0,00) x (0, 00),
u(0,x) =1, x>0,
u(t,0) =0, t > 0.

Denote by LY the selfadjoint realization on L>(R, 2mg) of ﬁ% -U é% with
zero Dirichlet boundary condition in x = 0. By symmetry and the ground state
transformation, the eigenvalues of L% are —Ay = Eox—1,8 — Eo,g, k > 1, and the

corresponding normalized eigenfunctions are f; = ¥or—1/%0, k > 1. Hence

w(t, x) = Y e M fi, 1) 2, oy S ().

k=1

By Cauchy—Schwarz inequality and Lemma 3.5 there exists a constant C such that,
for B large enough,

o]

> e M fen D2y oy /0 dx | e [Yg(x) < Ce ™,

k=2

so that

Pgﬂ(r <t)— (1 —2e "M, 1>L2(R+,2nﬂ)/0 dx fl(x)wé(x))' <Ce™.
(4.11)
On the other hand,
1 —2e ™1(fy, 1>L2(R+,27rﬂ)/0 dx f1 (0¥ (x)
00 2
=1 —4e_t(E1vﬁ_E°vﬁ)</ dx 1//1(x)¢0(x))
0

e’} 2
-1 _4e—f<E1,ﬁ—E0vﬁ>(% + /0 dx [¥1 (x) — 1//0(X)]l/f0(X)) .

We conclude by using items (ii) and (iv) in Proposition 3.1, and Theorem 3.6. O
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We finally show that under the measure }P’g » the random variable 7/ 0 g converges
in law to an exponential random variable with parameter 2.

Theorem 4.6. Let T be the hitting time of zero. Then, for each t > 0,

T
lim PP (__ ;): -2,
pooo M\Ty ¢

Proof. We use the notation introduced in the proof of Theorem 4.5. As follows
from (4.11), fort > 0,

— o0
lim |PE (x> 1) — 2e" 41 ( £y, 1>L2<R+,m>/0 dx fi <x>w3<x)>' -

B—o00

By (2.6) and Proposition 3.1 (i), £4A1 = £s(E1.5 — Eo ) — 2. Moreover, by
using Proposition 3.1 (iv) and Theorem 3.6,

ﬁh—>moo2(f1’ 1)L2(1R+,2n,3)/0 dx f1 ()P (x)

9] 2
= lim 4(/ dx wl(x)llfo(x)) =1,
B—o0 0

which concludes the proof. O

5. Large Deviation Principle

In this section we complete the proof of Theorem 2.1 by following the classical
strategy of large deviation estimates. Namely, we first show that the family (144) >0,
as defined in (2.9), is exponentially tight, then we prove the upper bound on com-
pacts, and finally derive the lower bound for neighborhoods of elements X such that
1(X), as defined in (2.10), is finite. Some of the bounds here obtained are in fact
weaker than the sharp bound in Theorem 4.5, but they rely on the assumption (2.8)
rather than (2.11). Within this section we fix p € [1, 00).

Super-Exponential Estimates

Recall that 14 denotes both the dilation (0, £g) > t = s = t/€g € (0,1)
and its lift to functions, that is, (15 X)(s) = X (£gs), s € (0, 1). According to the
notation in Section 4, ]P’f’eﬂ is the law of the diffusion process satisfying (2.15)
on [0, £g] with initial condition x € R, while KB.ep is the ¢‘1‘ measure on the
interval [0, £g] with free boundary conditions on the end points. We regard both

these measures as probabilities on C([0, £g]). We first show that events which

have super-exponentially small probability with respect to Pf’eﬁ have also super-
exponentially small probability with respect to ug, ¢,
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Lemma 5.1. Let (Ag i)k=1 be a family of Borel sets in C([0, £g]) such that for
each L > 0

— 1
lim lim sup —log]P’f’Kﬁ (Apx) = —o0.

k— 00 B—00 Ix|<L

Then

k—00 f—00

o
lim Tim Eloguﬂ,eﬁ(flﬁ,k) = —oc.

Proof. By the representation (4.1) and Proposition 3.4 (i), there exists C;, — 00
as L — oo such that

mp.es(Apk) < /

N -
#pdx. dy) Pf,yﬂ (Apx) +eFer.
[-L,L]

By the ground state transformation

1 Yox)
Zg Yo(y)

with Zg = [da db g, (a, b). We thus deduce

N4
9p(dx dy) = PP (Xy, € dy) dx, (5.1)

1 B.ls —B8C
(g5 (Apk) < —— sup sup Py (Agx) Woll 1 + e PCL.
B ﬁ( B ) Zﬁ lyl<L w.o(y) x|<L X ( B ) L

The statement now follows from (3.16), Proposition 3.1 (iii), and Corollary 3.3. 0

As we next show, the marginal of the probability g ¢, on C([T, £g — T]) is
super-exponentially close to ]P’,f’:p, provided 7' > B. For the application to the sharp

asymptotics, we also need an analogous statement for the probability IP’g , the law of
the diffusion (2.15) starting from zero. We emphasize that these estimates depend
on the symmetry with respect to the map X — —X.

Lemma 5.2. Let (Tg) g>0, (£8) g>0 be sequences such that gt Tg — coandlg >
2Tg. Then

. 1

ﬂleoO 3 log | ip.e5(B) — Pﬁﬂ B)| = —00,  Beo(Xihemy.es-150)-
1 8

ﬁli)rréo E log |IP’0 (B) — Pﬁﬁ(8)| = —00, Beo({Xi}i=1p)-

Proof. For notational convenience, we set £ = £g and T = Tp. Recalling that
ol = 555 , is the probability measure on R? with density o defined in (3.11), we
claim that

B1,5) = [ 57 @ran P (0.18),
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where 6; is the time shift (6; X), = X _;. Indeed, by the ground state transforma-
tion, ]P’f(X, e dy) = Yox) g (x, Y)¥o(y)dy. By the Markov property and the
explicit form (3.11) we deduce the claim.

On the other hand, recalling that p” = pg ¢ 1s the probability measure on R?

with density o7 defined in (3.10),

.o (B) = / o7 (dx dy) PE2T (61 B).

The first statement thus follows from Proposition 3.4 (ii).

To prove the second statement, recall that 77 is the probability on R with
density defined in (3.12). In particular, again by the ground state transformation
and the Markov property,

Pl (B) = /nT(dx)Pff(e_TB).

The second statement thus follows from Proposition 3.4 (iii). O

Exponential Tightness

Within the general strategy of [17], we next introduce a discrete time Markov
chain that allows to reduce the analysis of the asymptotic behavior of 114 ¢, to that
of its marginal on sub-intervals of [0, £g] of fixed size. Given p = (p1, p2) with
0 <p1 <p2 < land X € C([0, £g]), we recursively define the sequence of
stopping times (0% )rez, by

oo = inf{t € [oop—1,€g]: Xy € {—=1+ p1, 1 — p1}} A &g,

. (5.2)
o2k+1 = inf{t € [oox, £g]: Xy € (=14 p2, 1 — p2}} A L,

where it is understood o_1 = 0, see Figure 1. Moreover, let J\/'p, g = supfk >
0: ox < {g}sothatoy = £g fork > N, g. We then set Yy = X, and consider the
family (Yk)i\i’(‘)'S taking values in the set {—1 + p1, =1+ p2, 1 — p2, 1 — p1}.

By the strong Markov property, when X is sampled according to ]P’fcj ‘e , the
family (Y% ) is ahomogeneous discrete time Markov chain with transition probability
given by

0 1 0 0
1-p 0 p 0

0 p 0 1—p|°

0 0 1 0

where, denoting by 7, the hitting time of z,

P =PpB= PEsz(TPm < Tol4p) = Pllgfpz(‘[*]‘ﬂ)l < Ti—py)-

We next show that the number of jumps of this chain is bounded by £ with prob-
ability super-exponentially close to one.
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Lemma 5.3. For any p = (p1, p2) with0 < p1 < p2 < 1,
— 1 N
lim sup —log}P’f PNy p > Lg) = —o0.
B—00 yeRr B

Proof. By the exponential Chebyshev inequality, for every y > 0,

Lep]
N N
P’ PNpg > €p) = P’ ﬁ(Z(Uk —0k—1) < Eﬁ)
k=0
ga, B!
=Py ﬁ( Y (o1 —om) < Zﬁ)
k=0
Iy Lep/2]-1
<E;"exp (J/fﬁ —y Y. (oms1— U2k))
k=0

= exp (yé,e +(Leg/2) — 1) log Ef’eﬁe—m—oo)),

where in the last equality we used that the random variables ooy — o2k, k =
0,...,£g/2] — 1, are i.i.d. and independent of the initial condition x when X is

sampled according to Pf’eﬁ . More precisely, from the strong Markov property and
the symmetry of the potential W, the law of o241 — 02 is the same as the law of
the hitting time t of the point —1 + p> under IP”f 8

I+p1-
. N _ N4 _
To estimate E’ilﬁpl (e™77) we use that f(x) := Ef F(e=77) can be character-

ized as the unique bounded solution to

Lgf=vf on (—oo, —1 + p2)
f(=14+p) =1,

where Lgf = ﬁ ff=u é f'. Recalling (3.1), by ground state transformation,
h = fg satisfies

Hgh = (Eo g — y)h on (—oo, —1 4 p2)
h(=1+ p2) = Yp(=1+ p2).

Choosing y > limg Eg g = 1, it follows that h” > 28(y — Eq g) > 0 for any
large enough. Since 4 is bounded, it is therefore a non decreasing function, whence
h(=14p1) < h(=14p2) = Yg(—1+ p2) for any B large enough. We thus obtain
f(=14p1) < Yp(=1+ p2)/¥g(—1 + p1). By Proposition 3.1 (iii) there exists
C, > 0 such that for any 8 large enough f(—1+ p1) < e PCr. The statement
follows. O

We next analyze the transition probabilities of the chain (¥;) for 8 — oo. The
transitions from —14- p> to 1 — p; and, symmetrically, 1 — p to — 14 p; correspond
to atypical behavior of the underlying diffusion (2.15).
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Lemma 5.4.

p2—0 p1—0 —00

1
lim lim lim Blogppﬂ < —Cw. (5.3)

Proof. As follows by direct computation, the quasi-potential associated to the rate
function in (4.8) is 2U. In view of Proposition 4.4 and since Cw = 2U(0), the
proof is achieved by the arguments in [17, § 4.2]. O

Recalling NV, g = sup{k > 0: o < £g}, we let N;ﬁ = {1 <k <
Np.g: Yie1 = £1 F p2, Yo = F1 £ p1}]. Otherwise stated, N:’ﬂ (resp. N o p)
denotes the number of rare excursions from 1 — pp to —1 + pp (resp. —1 + pz to
1 — p1).

Lemma 5.5. Forany k > 0,

Iim Tim lim supglog]P’/3 ‘8(./\/_ +N+ > k) < —k(Cw — ).

p2—>0 p1—0 =00 R

Proof. By the graphical construction of the discrete time Markov chain (Yy), on the
event {\), 5 < £} the random variable N5 + N is stochastically dominated
by a random variable Z having binomial dlstrlbutlon with parameters (2| €g], p).
By the exponential Chebyshev inequality,

k 1-
P(Z > k) < exp{ —ZLE,SJIP(M>}, I,(2) =zlog§ + (1 —z)log T

By elementary computations we conclude by Lemmata 5.3 and 5.4. O

In order to show exponential tightness, recalling the Fréchet-Kolmogorov com-
pactness criterion, for X € L?((0, 1)) we introduce

1—h h 1
wh<X)=f ds Xy 1 —Xs|f’+f ds|xs|f’+/ ds [X,[P. e, 1).
0 0 1-h
(5.4)

Lemma 5.6. For each L, ¢ > 0,

1 Bls 1
lim lim sup — log(Py * o1 ) (wy > ¢) = —o0. (5.5)
hl0 B‘)oo|x\<pL g B {

Proof. The last two terms in the right-hand side of (5.4) can be controlled by
Lemma 4.1. By the same lemma, it suffices to control the first term in the right-
hand side of (5.4) for p = 2. Given § > 0, define I‘SjE = {x:|x F1| < §}and
introduce the sets

Dop={s €0, 1=h): IXs| =1l = p2} N {s € (0,1 = n): [[Xsqn| = 1| = p1},
Dip={s€ O 1—h):X,elE)N{s O 1—h: [ Xepnl = 1= p1).

Dip=1{s €O 1—h): Xeon € IZ) N {s € (0,1 =) [|Xs] — 1] = p2),
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Ar,={s€ O, 1—h): X, eIy, Xepp €13},
Cip=1{s€ . 1—h): X, el Xen €]},
that form a partition of (0, 1 — h). Letting

|x|?
Wi(x)

Ix — (£D?
Wi(x)

CO,p:Sup{ : IIXI—1|Zp1}, C:I:,p:Sup{ :IIXI—IIZm},

we have
1
/ ds [Xs4n — X,|* < 4Co,p/ ds W(Xy),
Dy, 0

while, for D, = D+ ,, b:l:,p’

1
/ ds | Xspp — Xslz <2 <,0§ + Ci,pf ds W(Xs)) .
D, 0

Furthermore,
2 2
f ds [Xsn — Xs|” < (2p2)°.
Axp

Finally, recalling the stopping times oy introduced in (5.2) and the ./\/: 8 ’s defined

in Lemma 5.5, let ST be the ordered collection of 02k+1 suchthat Yo, 41 = £1F o
and Yor42 = F1 % pyg. Set also St = {Eﬂsli, AU E,gsj\[[i }. By construction,
B.p

N
C:E,p C U [Sli - hasii]7
i=1

so that

/ ds [Xs4n — Xs|2 <[2(1+ 102)]2'/\/3?/3 k.
Ctp

Gathering the previous estimates and using Lemmata 4.2 (i) and 5.5 the statement
follows. |

Proof of Theorem 2.1: exponential tightness. We show that the family of proba-
bility measures {ug} on L”((0, 1)) is exponentially tight, that is, there exists a
sequence of compacts K; C L?((0, 1)) such that

— 1
lim lim Elogu,g(/Cj-) = —00.

j—00 f—00
Recalling (5.4) and the Fréchet-Kolmogorov compactness criterion, by a straight-
forward inclusion of events, see, for example, [6, § 8], it suffices to show that for
each¢ >0
— 1
lim lim — lo (wp, > ) = —o0.
oA B 1B ¢

This follows directly from Lemmata 5.1 and 5.6. O
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Upper Bound
We first prove the following local upper bound.

Lemma 5.7. Fixm € BV((O, 1); {—1, 1}) and sequences my — m in L?((0, 1)),
Cr — 0. Then

lim lim %logulg((?p (my)) < —(Cw — a)|S(m)|.

k—00 f—

Proof. Recalling assumption (2 8), by Lemma 5.2 it suffices to show the statement
with ug replaced by ]P’,T,S oLy !and (9” (my) replaced by

1-Tg/tg
{x e LP((0, 1)): ds | Xs —mg(s)|? < (ZCk)”},

Tg/tlg

where Ty satisfies limg ,B_lTﬁ = 00 and limg E;lTﬁ = 0. By Proposition 3.1
(iv) and Lemma 4.1, the previous statement is proven once we show that for each
sequence {x — Oand L > 0

fim fim sup — log(PfZ'ZﬂolEl)(Ogc(mk))5—(Cw—a)|S(m)|. (5.6)

k— 00 B—00 Ix|<L

To prove it, we first note that there exists a sequence ¢, — 0 such that the inclusion
O (my) C O;,g (m) holds for every k. Moreover, recalling the definition of A/ pi 8
in Lemma 5.5, there exist sequences 0 < p1x < p2 x with p2 x — 0 such that

Ogym) C 15 (N 5 + Ny 2 1SGm]), ke,

where pr = (p1.k, p2.k). Therefore (5.6) follows from Lemma 5.5. |

Proof of Theorem 2.1: upper bound on compacts. The proof is achieved by show-
ing that the local upper bound in Lemma 5.7 implies the upper bound for compacts.
The corresponding somewhat technical but general argument is based on a min-max
lemma and detailed for completeness. Let BV<, = {m € BV((0, 1); {—1, 1}) :
|S(m)| < n} so that BV((O, 1; {—1, 1}) = |J, BV<y. Since BV, is a compact
subset of L”((0, 1)), for each ¢ > O there exists K € Nand my,...,mg inBV<,
such that BV<, C |UJ; Of (m;) =: Ay ¢
For ¢ > 0and m € BV, set

. — 1
Je(m) = — hén A log g (O (m)).

Let also the function Jnl’ ¢ Ap,c = [0, 00) be defined by

LX) = min e (mp).
i:XeO[ (m;)



60 Page34of 48 Arch. Rational Mech. Anal. (2025) 249:60

Let {ox} be as defined in (5.2) and N:ﬁ as in Lemma 5.5. Introduce the event
B, = lﬁ_l(/\/;p +N};p > n) and set

1 — 1 _
Cp = —l1én310g,u5(6n) = —hén Eloguﬂ,gﬁ(./\/;fp —i—/\/ﬁ’p > n).

By the Urysohn lemma there exists a continuous function any I LP((0,1)) —
[0, c0) such that

Ta (X)) i X € Ay,

JE(X) =
me X0 {cn if X € AS ..

Set finally J, ; = J7 . A ca.
We claim that for each ¢, n and each open G C L?((0, 1))

— 1
lim — lo G) < —inf J, (X 5.7
" gup(9) nf’ £ (X) (5.1

and that, for each X € L?((0, 1)),

lim lim J, - (X) > 1(X), (5.8)
n ¢—0

where [ is the rate function defined in (2.10). Since X +> J, (X) is continuous,
by the min-max lemma in [26, App. 2, Lemma 3.2], this claim implies the upper
bound on compacts.

In order to prove (5.7), we introduce the sets

1
W = |X e LP((0,1)): / ds W(X,)) < 5}, (5.9)
0
Xg = {X e LP((0,1): sup |X,| < R}, (5.10)
O<r<tp

and observe that, by Lemmata 4.1, 4.2 (i), and 5.1, for each §, R > 0,
: 1 C : 1 C
lim —logug(Ws) = —oo, lim —logug(Xy) = —oo. (5.11)
B—oo f B—oo 8

We then write
wug(G) < ug(GN B, N Ws N XR) + npOVs) + up(Xg) + np(By).

By (5.11) and the above definitions of j; and c,, to complete the proof of (5.7) it
suffices to show that there exist§ = §(n, ¢, R) > Osuchthat B,NWsNXg C A, .
Given X € C([0, 1]), satisfying N;ﬂ (lﬁ_lX) +N;ﬂ(zE1X) = k < n, we recur-
sively define (sg, &), ..., (sk, «x) as follows. Let so := inf{s € [0, 1]: | X| >
1 —pi}andsetog = +if Xy = 1 — p1, 09 = — if X5, < —1 + py. Define
iteratively o; = —a; 1, s; = inf{s € [s;_1,1]: Xy =1—p1}ifa; 1 = + and
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sj=inf{s € [sj_1,1]: Xy = -1+ p1}ifa;j_1 = —. Letnow C = C(p1) < +00
be such that

x+12<CW) forx<1—p; and |x — 1> <CW(x)forx > —1+ py,

that exists since W has quadratic minima at x = =£1. The previous bound implies
that if X € W5 N Xk with § small enough then X € Of (m‘;lok 50

To prove (5.8) we first observe that, by Lemmata 5.5 and 5.1, ¢, — co. More-
over Lemma 5.7 implies that lim, _,, j; (m) = I (m) uniformly for m in compacts.

Since (J,, N An,c = BV((0, 1); {—1, 1}) the claim follows. |

Lower Bound

We start by proving the large deviation lower bound for the law of the diffu-
sion (2.15). Recall that m®0 := +1 and the definition of m3;" _, given in (2.12).

,,,,,, Sn

Lemma5.8. Fixn > 0, and, ifn > 1, also 0 < s1 < --- < s, < 1. For any
8 € (0, 1) and any open LP-neighborhood O ofm?f’" .

......

1
lim inf - log®;"” 0151)(0) = —(Cw — a)n,

ﬂ—)OOX€15
where I 1= (£1 — 8, +1 +§).

Proof. For the ease of presentation we detail first the cases n = 0, 1. For the case
n = 0, it is enough to show that for each n > 0,

ps( L [ +
lim P% "(-/ ar|X, 17 > n) =0 uniformly forx € I, (5.12)
B—00 ﬂlg 0

Recalling (2.8), pick xo € (0, 1 — &) such that 2U (xg) > « and let t* = inf{r >

0: X; = %xo} be the hitting time of +x(. By Proposition 4.4 and the argument in
[17, Chap. 4, Theorem 4.2] it follows that

lim PY (r* < 5) =0 uniformly for x e I;*. (5.13)

B—o00

Thus (5.12) follows from Lemma 4.2 (i).
For the case n = 1, by symmetry, it is enough to consider m_ . Set 1; = £gs]
and X; = X(ovi)aey- For T, > 0, recalling that 6 denotes the time shift, we define

~ 1 T
A7={X:X,I_Tela_and—/ dt|X,+1|p<n},
s Jo
~ 1 [ ~
A+:{X:X,1+Tela+and— dt|X,—1|P<n},
B JIn+T

A0 = {X: Xyer € [Fand |X,| < 1+ 8if | — 1] < T}.
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We define, for a € {0, —, +} and k € Z, A} = Oy A%. It is straightforward to
verify that, given O as in the statement, there exist 77, { > 0 such that, for g large
enough and k = [€g¢ /T,

' O)D | G G=A N ANAL
k=—k

By the Bonferroni inequality,

k k
@ o1;h©0) = B (| @) = Y B

k=—k k=—k
€
- 3 P%@nco.
—k<h<k<k
We claim that
1
lim lim inf inf - logP? () > —Cw, (5.14)
T— o0 B—>o0 [k|<k xely
and {
lim lim  sup sup —log]P’fCMﬁ (CrL,NCr) < —2Cw, (5.15)

T—00f—00 —k<h<k<k xelg

which, recalling (2.8), readily imply the statement for n = 1.
In order to prove (5.14) we first observe that (5.12) implies

51me Pf’eﬁ (6:,+7A") =1 uniformly for x € Ig.
Moreover, as follows from Lemma 4.3 and again (5.12),
Blirréo ]P’f’e’g (A;) =1 uniformly for x € I; and |k| < k.
Finally, from Proposition 4.4 and Cw = 2U (0), we deduce

|
lim lim inf — log P)" (6,1 A%) > —Cw. (5.16)

T—o00 p—o0 yely

By the Markov property and using the identities

On+@renrlar = g pars Onvar-nrlg =g, a0,

we have
B (€0 = P (A 0 AN N A = BE 10 B (g, )
> inf Py 0, r ADEY T (1 1 40)
yely
:yléllf PO 6, r AN ED (1 A ]Ef(fiak o Qg a0))

A%

inf ]P’ @47 A") inf P20, _ rAOPE(AD),
yeI z€ly
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and the bound (5.14) follows.
To prove (5.15), again by Proposition 4.4 and Cw = 2U (0), we deduce

o 1
im @im sup — logPY (6, _7.A% < —Cw. (5.17)

T—o00 f—00 yel{
By the Markov property, for & < k,

N N2 N4 R
PY7(CinCo < PEY (A N AD = BXP AR g a0

Xty +@k—)T

B.Ls B.tp mmB.Lp
S Sup Py (letlfT-Ao)Ex (EX11+(2h—1)T(19t1*TA0))
yely
B.L 2
< sup (IF’y ﬂ(IG,I_TAO)) ,
yely

and the bound (5.15) follows by (5.17).

......

Lgsi,i =1,...,n,and for n, T > 0 introduce the events .4~ as before and

~ N 1 (% ~
A+:{X:X,n+TeIE and—/ dt|X,—1|p<77},
Lg Jo,41
A% — {X: X,or € [Fand |X,| < 1+ 8if |t — ;] < T}.

As before, for a € {{0,i}, —, +} and k € Z set A] = 67 A%, and fork, h € Z,
we let

o . 1 livin )
ii+1 _ . B i — _(_1\i+1lp
B = [X' X’iJ,rk’ Xti+1.h € 5, and L ./ﬁk A= DT < 77}9

where tl.jfk =t + 2k £ 1)T and Il = 15+, respectively Ig = I, if i is odd,
respectively even. Again, it is straightforward to verify that, given O as in the
statement, there exist 1, { > 0 such that, for 8 large enough and k = [£4¢/T |,

.....

From (5.12), (5.16) and (5.13), by using the Markov property as in the case n = 1,
we get

1
lim lim — logP} " (Ch,...k,) = —nCw,

T—o00 f—00
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uniformly for |k;| < k and x € I s - Again by the Markov property and by (5.17),

,,,,,,,,,,

uniformly for |h;|, |ki| < k, (hi, ..., hy) # (k1, ..., ky) and x € I . By using the
Bonferroni inequality as before the statement follows. O

Proof of Theorem 2.1: lower bound. Fixn > 0 and,ifn > 1, also 0 < s1 < R

s, < L.Itis enough to show that for any open L”-neighborhood O of me 51 ,,,,, S0

lim %bg ug(0) = —(Cw — a)n.

B—o0

By symmetry, itis enough to consider mg, Yl s, - By therepresentation (4.1) and (5.1),

11p(0) = / P dy)(BY 0151)(0)

:_/ /“ﬁ(xﬁed)zwii(ﬁv“ﬂ 510

dx Yo s () EL 7 0151)(0)

v

— inf
Zg yeR Yo,8(y) Jr

| V

ﬁ g -1
Zﬁ ye]R woﬁ(y) 2161117( lﬂ )( )/]ﬁ )Clﬂ(),ﬂ(x)

By items (iii) and (iv) in Proposition 3.1,

1
lim — inf log >
fooo B yeR T Y0.p(y)

)

and the proof is concluded by Corollary 3.3, (3.16), and Lemma 5.8. O

6. Sharp Asymptotics

The aim of this section is to prove the sharp asymptotics stated in Theorem 2.2.
Accordingly, we fix p € [1,00),n > 0, and the sequences (ox g)g>0, k = 1,2,
meeting the conditions in the statement.

We choose a sequence (T3) g0 such that

Tg . Tp . Tg
lim 33 = 00, lim — =0, lim 5 = 00, 6.1)
p—o0 B3/ p—oo £g B—o00 513;01,/3

which is possible in view of assumption (2.11). We recursively define the sequence
of stopping times (7x) on C([0, £g]), by setting 7o = 0 and, for k € N,

7 =inf{t € [Tg + 11, £g — 2Tp) : X; = 0} A (£g — 2Tp),
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that is, (t) is the sequence of passages at zero, recursively defined by requiring
that they are sufficiently far apart from each other, see Figure 2. Further, we denote
by

Z=|{keN:n <tp—2Tp},

the number of passages occurring before £g. Observe that tp — 7,1 > T for
k < Z. Let also

N=|tkeN: Xryqz_ Xryqr, <O}

be the number of relevant sign changes of the process taking into account the
“padding time" T, see again Figure 2. We finally define

Bs = ﬂ{fk — 71 > €8} N Ty < Lp(1 —8)).
k=1

Recall that for given strictly positive sequences a,, b,, n € N, we use the standard
asymptotic notation a,, ~ b, when a, = b, (1 + ry,), with lim,, r, = 0.

Proposition 6.1. As § — oo,

n

(i) ey (22 m~ (L)

.. 1 Kﬂ n
(ii) p.es N = m) ~ E(E) :

(iii) Let (8g) >0 be a sequence such that limg 8glg/Tg = 0. Then

1 slg\n
/’Lﬁ,(ﬁ(N =n, Bn,S/s) ~ ;(Z_ﬂ) .
Y-

Postponing the proof of this proposition, we first conclude the proof of Theo-
rem 2.2. To this end, we introduce the events

1 [t 1
Wyz{X:—/ dr W(X,) < +y},
L Jo

Xg = {X L osup |Xi| < R}.
8

O<t<lp

Descriptively, these events are defined as sublevel sets of the integral mean of Wo X
and the supremum norm of X, respectively.

Lemma 6.2. Fixy, R > 0, z € Nand i = 1, 2. Then, eventually as f — 00,
C
(18O s Mu—D)] NW, NXR N(Z <z} C (N >n).
Proof. Let X € [150,, ,(Mo)]" N W, N Xg N{Z < z}. Set

J:{] E{l,,Z(X)} XTﬁ‘I*Tj,lXTﬁ#*Tj <O}’ fl=|J|,
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and, in the case J # @, let ji, ..., ji be an increasing enumeration of the elements

.....

withsy =1, /lg, k=1,...,n,ifn > landma = —1. Since X € Xk,

G+ ZC0Ts | | gy

+ B1(X) + B2(X), (6.2)
g

lipX —m7II7, <

where

41 jk—Jjk—1—1

1 Tjg—1+1+m
BOO=7> ) fT de | X, — (=D,
Bi=1  m=0

ﬁ+fjk,1 +m

1 (2T .
By(X) = / dt X, = (=17 P Logy ey <t
eﬂ Tg+tz(x)

From the assumptions on T3 and Z(X) < z it follows that the first term on the
right-hand side of (6.2) satisfies limg 8 (34_2@% (1+R)? = 0. Toestimate By (X)
we consider first the case p € [2, 0c0). We observe that X > 0 (resp. X < 0) on
[T + Tjo_+m> Tjr_,+1+m] for any k even (resp. k odd) and any m. Therefore, by
using that (x + 1)> < CW(x) for x < 0 and (x — 1)> < CW(x) for x > 0, we
deduce

1
BI(X) < C(1 4 RyP221Y.

The term B (X) satisfies the same bound, as can be shown with the same reasoning
using that X > 0 (resp. X < 0) on [Tg + 1z, £g — 2Tg] if n is odd (resp. even).
Hence, eventually as 8 — oo,

ligX —m7llr < CB7P. (6.3)

On the other hand, if 7 < n, thenm; € O, (My—1) and thus [igX —m 7 |Lr >
pi,p. which, together with (6.3), contradicts the assumption on p; g. Therefore
n > n, which concludes the proof in the case p € [2, 0co). For p € [1,2) we use
ligX —myliLe < ligX —myll2 < CB~1/2, where we used (6.3) with p = 2 in
the second inequality. O

Lemma 6.3. Fix y, R > 0 and z € N. Let also (38)g>0 be a positive sequence
such that limg 65 = 0 and limg g '02_,;]; = 00. Then, eventually as B — 00,

N =n}NBus, "W, N XrN{Z <2} C 150, s (Mu_1)]".

Proof. The statement is a direct consequence of the following two steps.

Step 1. If X € (N =n} N B,s, "W, N Xr N {Z < z} then there are 0 = sp <
§1 < -0 < 8, < 1satisfying sy —s¢k—1 > g, k=1,...,n,5, < 1— g and
* € {—, +} such that

ligX —my" e < p2.p.
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The proof of this step is achieved by arguing as in the proof of Lemma 6.2.
Step 2. Let0 =50 <51 <--- <, < lbesuchthatsy —sx—1 > g,k =1,...,n,
sp <1—46gand x € {—, +}. Then

distzr (m}" o Mu_1) = 2(85/2)"/7.

STyeens

Consider the intervals Iy = (sx — 8g/2, sk +08p/2), k = 1,..., n, which are
pairwise disjoint. For any m € M, there exist an interval Iz on which m is
constant. Hence,

diStLp(m:fl’,nwsn, M,_)P > 2[73/3/2.
O

Proof of Theorem 2.2. Foreach y, R,z > 0 and k = 1, 2, by Lemma 6.2, eventu-
ally as B — oo, we have

wp(Op s M-I < upWN = n) — ngOV;) — p(Xg) — up(2 > 2).

Proposition 6.1 (ii) provides the sharp asymptotics of g (N > n). Choosing y > 0,
R large enough, and z = n, Lemmata 4.2 (ii), 4.1, 5.1 and Proposition 6.1 (i) imply
that the remaining terms are negligible with respect to g (N > n). Hence

c 1 slg\n
15 (Opey Ma-D)IF) = ;(i) (1+0p(1). (6.4)

For k = 1 this proves the upper bound in the statement. To deduce the lower bound
we write

:u“ﬁ(opzvﬁ (Mn) \ Op]yﬂ (Mn—l))
= 15 (O py s My ) = 15Oy 5 (Mo 1)IE 0 (O, (M)))
> pp([Op; s (Mu—1)I%) — up((Op, s (M))°). (6.5)

In view of (6.1), we can choose a sequence (3g) g0 such that limg ég ,ol_g = ooand
limg 8/ Tg = 0. For each y, R, z > 0, by Lemma 6.3, eventually as 8 — oo,
we have

1p([Op; s (Mu—1I) = ppWN = n, Bys,) — upWVy) — np(Xg) — np(Z > 2).

Proposition 6.1 (iii) provides the sharp asymptotics of ug (N = n, By s 5). Choosing
y > 0, R large enough, and z = n, Lemmata 4.2 (ii), 4.1, 5.1 and Proposition 6.1
(i) imply that the remaining terms are negligible with respect to ug(N = n, B sg)-
Hence,

e 1 tgyn
15 (O0p1 3 (Ma-D)I) = ;(i) (1+0p(1).

Recalling (6.5) and using (6.4) with k = 2 and n in place of n — 1, the lower bound
of the statement follows. O
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Proof of Proposition 6.1. Proof of (i). Since {Z > n} € cr({X,},E[Tﬁ,gﬂ,TﬁJ), by
Lemma 5.2 it is enough to prove the statement for Pgﬁ instead of ug,¢,. This
will be achieved by induction. More precisely, set Ty g = Tg and fix sequences
Tvg,..., Ty p such that Ty g/ Tx—1,p — 00,k = 1,...,n,and T, g/lg — O.
We recursively define the sequence of stopping times oy, . . ., 6, on C([0, 00)), by
setting o9 = 0 and oy = inf{t > Tg +o0x—1 : X, =0}, k =1,...,n. We claim
that, fork =1, ...,n,

(tAW«/B)k e,kﬂcw
k!

]P’g,S (o <t)~ uniformly for ¢ € [Ty g, £g]. (6.6)

Since T1,8/Tg — o0, the case k = 1 follows from Theorem 4.5. To prove the
inductive step, by the strong Markov property,
t=Tg 5
]P’gﬁ(crkH <t)= fT Pgﬁ(ak € ds)Py(o) <t —s).
B
By Lemma 5.2 and the recursive hypothesis, it is enough to show

k+1
(IAW«/B) * e_(k“)ﬁCW,

t=Tp
B B g ~
/T Pnﬁ(ok € ds)IP’ﬂﬁ (t<t—s—1Tp) Gt

B

uniformly for ¢ € [Ty 41,8, £g]. We first observe that
T,
o8, Py on € ds)Phy (v < 1 =5 — Tp) < Pl (ox < 1 — Tp)Phy(z < Tp)
N Tﬂtk(A\Z'\/B)k+l e—(k+DBCw

where we used Theorem 4.5 and the recursive hypothesis. On the other hand, by
the same theorem,

I—ZTﬁ
/T,, Pﬁﬁ(ak € ds)Pgﬁ(r <t—s—Tp)

B
= Awy/Be PV f PL (ox € ds)(t —s — Tp)(1 + Rg(t — ),
Tp
with

lim  sup sup |Rg(s))| = 0.
B—001e[3Tp, 4] s'€[2Tp,1—Tg]

By integration by parts, since Pgﬁ (ox <Tp) =0,

1—=2Tp
/Tﬂ Pf (ox € ds)(t —s — Tp)

T, p t—2Tg
2/ dsIP’gﬂ(okSs)+/ dsIP’gﬁ(akSs)—i-IP’gﬂ(akSt—ZTﬁ)Tﬁ.
Tp Tk.p



60 Page44 of 48 Arch. Rational Mech. Anal. (2025) 249:60

By the recursive hypothesis and the choice of T g,

t—=2Tg A k n—kBCw
/ ds Pﬁﬁ(ak <s5)~ (Aw+/B)re [(t Tyt - Tkk’-lgl] ’

Tig - k + 1)!
while
T (Aw/B)te W
[ el o <90 = gl o0 < T ~ R,
Tp .
and

§ (Awy/B)fe MW
k! ‘

PL (ox <1 —2Tp)Tp ~ Tp(t — 2Tp)

Gathering the previous bounds, (6.6) follows.
Proof of (ii). By item (i) it is enough to show that

1 slg\"
oy =n 2 =m~ (L)

)

Given t; < t, and x,y € R U {f} denote by u 3 {11 ] the ¢>i‘ measure on the

interval [¢1, 2] with Dirichlet boundary conditions x, y at the endpoints. When x
.o . f,f

or y equals f we understand free boundary conditions. In particular p £.10,6] = Mp.t-

By the strong Markov property of jg ¢

f,0 0,0
up (|12 =n)= /vg,g(dtls . dty) Mg 10,01 ® M8 1.0 &®---
0,0 0,f
g 1,111 B 1B 11,017
where

vg,[(dtl, ... de) = Mﬁ,g(l’l edrn, ..., 1, €d,|Z =n).

£,0 0.f . .
Since the probabilities ,uﬁ [tots1] k=1,...,n—1, Hg 0.0 and g 1,.¢) Ar€ invari-
ant with respect to X > —X we deduce pg ¢, WN=nZ=n)= 27 g g (2 =
n). The statement now follows from (i).
Proof of (iii). By the symmetry argument used in (ii), it is enough to show

2" ﬁﬂ n
wp.eg(f n} N Bys,) a\Z,
This is achieved by the induction argument used in (i), noticing that Theorem 4.5
implies
2t
Pgﬂ(eﬂa <o) <1)~ @

with o as introduced in (i). O
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7. Convergence of the Transition Times to a Poisson Point Process

Let (Tg) >0 be a sequence meeting the first two conditions in (6.1) and recur-
sively define the sequence of stopping times oy, o1, ... on C([0, 00)), by setting
oo = 0and oy =inf{r > Tg + ox_1: X; = 0}, k € N. Further set

N =inf{k e N: X7,10, , X1510, <0},
and { = op.

Lemma 7.1. When X is sampled according to Pgﬁ and B — o0 the sequence of

random variables (Elgl {)p>0 converges in law to an exponential random variable
with parameter one.

Proof. By the strong Markov property and the symmetry of }P’g with respect to
X — —X, the random variable A/ has a geometric distribution with parameter
1/2. Again by the strong Markov property the random variables (o —ox—1)keN are
independent and independent from . By Theorem 4.6 and the second statement of
Lemma5.2,foreachk € N,as 8 — o0, the sequence of random variables (Egl (ox—
0k—1))g>0 converges in law to an exponential random variable with parameter two.
The statement is achieved recalling that a geometric sum of independent exponential
random variables is an exponential random variable. O

Proof of Theorem 2.3. We need to show that for each R > 0 the restriction of
B.0s Oli_ﬁl to L? ((—R, R)) converges weakly to the restriction of ft to L? ((— R, R)).
Recalling (2.14), by the first statement of Lemma 5.2, it is enough to show the state-
ment with Pgﬁ instead of g ¢,

Step 1. Recalling the sequence of stopping times (o%) introduced at the beginning
of this section, for each R, § > 0,

) ' Reg > p
ﬁlgr;opnf‘(f_ dr ‘X, — Zs1gn(XTﬁ+(,k)1[ak,0k+l)(t)‘ > 8) =0,
g0 k=0

where we understand sign(0) = 0.

Arguing as in the proof of Lemma 6.2, this step follows from Lemmata 4.1, 4.2,
Theorem 4.6 and the strong Markov property.
Step 2. Sampling X according to ]P)gﬂ, we recursively define the random variables
N, j=0,1,..., by setting Ny = 0 and

Nj=inflk > Nj : X110, X1500, < 0} = Nj1.

Let also ¢j = oy;. Then the random variables (¢; — ¢;j—1); are independent.
Moreover, for each j, E/gl (¢j — ¢j—1) converges in law to an exponential random
variable of parameter one in the limit 8 — oo. This step follows directly from the
strong Markov property and Lemma 7.1.

The statement is achieved by combining Steps 1 and 2 together with the sym-
metry of Pgﬂ with respect to X +— —X. O
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